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Abstract—The complexity of routing requirements leads to
increasingly intricate routing metrics. Existing routing algebra
theories have demonstrated that convergent and optimal routing
algorithms can be designed only when path metrics satisfy certain
properties such as monotonicity and isotonicity. Furthermore,
some non-isotonic metrics can be converted into isotonic forms
on partial orders through reduction. However, practical scenarios
often involve non-commutative algebraic properties, which are
overlooked by existing theories. For these problems, there lacks a
unified framework to study their solvability, a systematic method
for their reduction, and an efficient algorithm to compute optimal
routes. In this work, we extend routing algebra to accommodate
non-commutative routing problems, propose general reduction
methods for them, and explore their solvability. In addition, we
design a link state algorithm that converge fast on a reduced
partial order. All these discussions are supported by concrete
examples, theoretical proofs, and simulations on various network
topologies.

Index Terms—Non-commutativity, routing algebra, routing
algorithm, partial order.

I. INTRODUCTION

With the continuous evolution of networks and applications,
the requirements for routing have become increasingly diverse.
Modern routing schemes now take various application-specific
requirements into consideration to improve quality of service
(QoS), moving beyond the traditional objective of selecting the
shortest path. This has led to more complex designs for routing
path metrics and routing algorithms. For example, routing for
autonomous driving and online gaming prioritizes packet loss
rates and network latency, while routing for wireless networks
and the Internet of Things (IoT) often focuses on low energy
consumption to ensure network stability [1]-[3].

Routing algebra can abstract path metrics and path selection
criteria to address these diverse requirements. It formulates
specific routing problems with general algebraic elements,
allowing for a unified study of key issues such as algorithm
convergence and optimality. Existing routing algebra theories
have shown that convergent and optimal algorithms can be
designed only when path metrics satisfy properties such as
monotonicity and isotonicity [4], [5]. Another critical finding
is that when metrics lack isotonicity, some can be converted
into isotonic forms on partial orders via reduction [6], [7].

Existing theories have mainly focused on commutative
metrics, where the path weight is unaffected by the order in
which the constituent links are concatenated. However, path
metrics can become non-commutative in scenarios where link
order matters. For instance, in reliable communication, TCP

end-to-end retransmission is required when packet loss occurs

at an intermediate node but is always initiated by the source,

leading to unbalanced times of packet traversal on each link.

In networks running various upper or lower-layer protocols,

packets need to be translated when crossing region boundaries.

If translation costs between two protocols are asymmetric, path

metrics may become non-commutative. Currently, such prob-

lems still lack a unified framework to study their solvability, a

comprehensive method for proper reduction, and an efficient

algorithm to compute optimal routes.
Our contribution can be summarized as follows.

o We extend routing algebra to formulate non-commutative
routing problems and provide practical examples. We pro-
pose general methods to reduce non-isotonic metrics to
isotonic forms on partial orders for these problems.

e Based on our reduction methods, we examine the solvabil-
ity of non-commutative problems. In particular, we prove
sufficient conditions for a non-commutative problem to be
solvable or unsolvable, and whether different partial order
routing algorithms can be applied to compute optimal routes.

o We design a general link state routing algorithm on partial
orders for reduced problems. We provide rigorous proof of
its correctness, including convergence, loop-freeness, and
dominance, and conduct simulations on various network
topologies. The results demonstrate that our algorithm is
efficient and capable of quickly recomputing routes after
link failures.

II. RELATED WORK
A. Multi-Objective Routing

Multi-objective routing optimizes multiple metrics based
on their product order to balance different objectives. Nu-
merous routing algorithms have been proposed, including
dynamic programming [8], branch and bound [9], adaptions
of Dijkstra’s and Bellman-Ford’s algorithms [10], [11], and
approximation algorithms [12]-[17]. There are also central-
ized solutions utilizing software-defined networking (SDN) to
collect global network information and compute paths [18]-
[22]. However, multi-objective routing on product orders is
only a simple case of routing on partial orders, which is our
focus in this paper.

B. Routing Algebras

Previous research has introduced various routing algebras
for modeling specific routing problems such as shortest or

Authorized licensed use limited to: Tsinghua University. Downloaded on October 15,2026 at 12:29:01 UTC from IEEE Xplore. Restrictions apply.



TABLE I: Routing algebras for the shortest path (MINSUM)
and widest path (MAXMIN) problems. S = R U {+oc}.

Problem  w(e)  w(yp) =< Path Weight Function
MINSUM 0 {+o0} < w(a @ b) = w(a) + w(d)
MAXMIN  +oo {0} >  w(a®b) = min{w(a), w(d)}

longest paths [23] and BGP routing [24]-[26], and for study-
ing algorithm convergence and optimality [4]-[7], [27], [28].
However, most of them assume commutativity [7], [23]-[27].
A few works [4], [5] discussed the solvability of routing prob-
lems which could be non-commutative, but they were limited
to total orders and did not address non-isotonic problems.
Some studies [6], [28] explored how to reduce non-isotonic
algebras to left isotonic forms on partial orders, and extended
path vector algorithms to solve such problems. However, this
approach is not applicable to other routing algorithms (e.g. link
state) because the reduction does not address the impact on
monotonicity in non-commutative algebras, which is critical
for algorithm correctness. A comprehensive theory for non-
commutative algebras on general partial orders is still lacking.

ITI. ALGEBRAIC FRAMEWORK

A network is modeled as a finite directed graph G = (V, E),
where V represents the set of nodes and E is the set of directed
links in the network. A path in the network is a sequence of
links, denoted as uquy - - - u,, where u; € V are nodes on the
path and (u;,u;41) € E are links.

The routing algebra used in this paper is defined as a five-
tuple (S, =, L, @, w). It contains a set of paths L, and a set of
weights .S, which represent metrics such as bandwidth, latency,
or hop count. The relation < is a partial order on .S, indicating
the preference between paths, where w(a) < w(b) (a,b €
L) means that path a is preferred over path b. The extension
operation @ is a function L x L. — L concatenating two paths,
and w is a function L — S calculating weights of paths.

Let L(s,t) denote the set of paths from source s to destina-
tion ¢, and l; denote some path in L(s, t). In routing problems,
a path is selected from L(s, t) based on the preference criterion
<. If < is a total order, we seek the optimal path with the least
weight in the poset (w(L(s,t)), X). If < is a partial order, we
look for the dominant path, whose weight is a minimal element
in (w(L(s,t)), <). The dominant path is typically not unique.

The trivial path € has no links and satisfies [Ge =@l =1
for all [ € L. Its weight, w(e), is the least (most preferred)
weight of w(L). The invalid path, denoted by ¢, represents
all the paths that cannot transmit packets. It satisfies [ & ¢ =
@1l = forall [ € L. The weight set w(¢) is the maximal
(least preferred) weights of w(L).

Table I illustrates examples of routing algebras for the
shortest path problem and the widest path problem.

Monotonicity and isotonicity are fundamental concepts in
routing algebras [4]-[7], [27].

Definition 1. A path | € L is monotonic if it is both left
monotonic and right monotonic.

b C
e O e NI
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(a) Monotonicity. (b) Isotonicity.
Iy

T Y L.
— e ¢ e e ... destination
left isotonicity
<7

source - - -

right isotonicity
A
(c¢) Commutativity. w(l1) < w(l2).
Fig. 1: Example of algebraic properties.
TABLE II: Algebraic properties required for routing algo-
rithms to satisfy convergence, loop-freeness, and optimality.

S denotes source routing, and H denotes hop-by-hop routing.
v'* means that a strict property is needed.

Algorithm Path Vector [4]  Flooding [5]  Link State [5]
Routing Scheme S H S H S H
L. M. v
R. M. v v
L. L v v v v
R. L v v v v

Left monotonic: Va € L, w(a) < w(l & a).
Right monotonic: Va € L, w(a) < w(a @ 1).

Definition 2. An algebra (S, <, L, ®, w) is monotonic if it is
both left monotonic and right monotonic.
Left monotonic (L. M.): Va,b € L, w(a) < w(b® a).
Right monotonic (R. M.): Va,b € L, w(a) < w(a ®b).

Definition 3. An algebra (5, =<, L,®,w) is isotonic if it is
both left isotonic and right isotonic.

Left isotonic (L. I.): Va,b € L, w(a) 2 w(b) <= Vce L,
w(c®a) 2 w(cdb).

Right isotonic (R. L): Va,b € L, w(a) X w(b) < Vc &
L, wla®c) 2w c).

If the inequality sign is strict, then we obtain the definition
of strict monotonicity and strict isotonicity.

Monotonicity is often associated with the convergence and
loop-freeness of routing algorithms. Figure 1a provides an ex-
ample. If b is not right monotonic, and VI € L(A, B), w(a) =
w(l) = w(a@b), then the optimal path from A to B contains
a loop. Moreover, if w(a) = w(a ®b) = w(a@bBb) > ---,
the optimal path does not exist, and routing algorithms do
not converge. In addition, isotonicity is typically related to the
optimality of routing algorithms. In Figure 1b, if isotonicity is
violated, such as w(c) < w(d) and w(c@e) = w(dPe), then
the optimal path from C' to D is not a subpath of the optimal
path from C' to E, which may cause algorithms to fail in
finding the optimal path. Table II summarizes the properties
needed for three common routing algorithms [4], [5].

Commutativity is a simple but often overlooked property.

Definition 4. An algebra (S5, =<,L,®,w) is commutative if
Va,be L, wia®b) =wd® a).
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A common misunderstanding is that unequal metrics (e.g.
bandwidth, latency) on the uplink and downlink between
two nodes imply non-commutativity. However, the uplink and
downlink should be modeled as two different paths. The
metric calculation method remains commutative: w(a @ b) =
w(b @ a) = min{w(a), w(d)}.

Figure 1c illustrates the impact of commutativity. If commu-
tativity holds, the distinction between left and right algebraic
properties is no longer necessary, and isotonicity, if present,
can be extended in both directions. However, if commutativity
is violated, it becomes crucial to differentiate between left and
right properties. In cases where isotonicity holds on only one
side or needs to be reduced from non-isotonic algebras, the
solvability of routing problems and the applicability of existing
routing algorithms become complicated.

IV. EXAMPLES OF NON-COMMUTATIVE SCENARIOS

In this section, we present two non-commutative examples:
routing with end-to-end retransmission in wireless networks,
and routing with inter-protocol translation in IoT networks.

A. Routing with End-to-End Retransmission

Multi-hop wireless networks suffer from high packet loss
rates and significant transmission energy consumption. Mean-
while, mobile nodes, such as phones and satellites, typically
have limited battery capacity and available power. Transport
layer protocols such as TCP are commonly used to ensure end-
to-end reliable communication through acknowledgments and
retransmissions, which add to the energy overhead [29]-[33].

Typically, we can use e(uv) = c¢fnd?, to denote the
energy consumption of link wwv, which represents the minimum
transmission power required for good quality [30], [32], where
c is a constant, 3 is the signal-to-noise ratio (SNR), n is the
strength of ambient noise, d,,, is the distance between u and
v, and « is the coefficient of attenuation (2 < o < 4). Let
Er(uv) be the error rate of packet delivery, then N(uv) =
#T(w) represents the expected number of transmissions
until a successful delivery. For path p and link [, the path
weight w(p@!) measuring energy consumption can be defined
as follows.

w(p@l) = N()(w(p) +e(l)) (D

Based on (1), we consider the metric of Minimizing En-
ergy of One-Way Communication (MEOW1). As shown in
Table III, wi(ug---u,) represents the energy consumption
of delivering a packet successfully from wug to w,. While
some routing algorithms have been developed for this problem
[32], they do not always guarantee optimality and do not
address its fundamental nature. We will demonstrate that its
isotonicity can only be satisfied on one side. We further define
the metric of MEOW?2 for the reverse direction and the metric
of Minimizing Energy of Round-Trip Communication (MERT)
(see Table III), and systematically analyze these problems from
the perspective of routing algebra.

Theorem 5. The algebra of MEOWI is monotonic and right
isotonic, but not left isotonic.

TABLE III: Routing algebras for measuring energy consump-
tion in reliable communication. S = R§ U {+o00}, w(e) = 0,
w(p) = +o0, =<, N; = N(ujuirq), and e; = e(u;tirq).

Path Weight Function

MEOW1 wl(uo-nun) :Nn_l(wl(uo---un_1)+en_1)
MEOW2 wa(uo -+~ un) = No(eo +wa(ut -+ -un))
MERT w3(uo * - Un) = wi(uo - un) + w2(uo - un)
a:(1.25,1)
c:(1,3) ~ ~
b:(1,1.5)

Fig. 2: Counterexample of MEOW1 not satisfying left iso-
tonicity, where 1.25 = wi(a) < wy(b) = 1.5, but 5 =
wi(c ® a) 2 wi(c®b) = 4.5. Each path is labeled with
(N,e).

Proof: Let | = wguj---u, be a path, then the expected
number of transmissions until a successful delivery through

n—1 n—1
I is denoted as N(l) = _]:[0 N; = 1:[0 Wlﬂﬁl) Vk =
0,1,--- ,n, we have ! ’
wl(uoul e Un) = Nn_l(wl(uoul e un_1) =+ en_l)
n—1 n—1 n—1 n—1 k—1 k—1 -1
= e[ N= eI N+D e [N TN
i=0  j=i i=k =i i=0  j=i j=k

= w1 (UkUk41 -+ - Un) + wi(uour - - - Uk )N (UrUgt1 - - Un)
We obtain that
Va,b € L, wi(a®b) = wy(b) + w1 (a)N(b) (2)

Therefore, w1 (b) < wy(a ® b), i.e., left monotonicity holds
for MEOWI. Since N (b) > 1 we know that wq(a) =< w (a®b)
and right monotonicity holds.

From (2), we can obtain wy(a @ ¢) = wy(c) + w1 (a)N(c)
and w1 (b® ¢) = wy(c) + w1 (b)N(c). wi(a) < wi(b) implies
wi(a @ c) < wi(b® c) and therefore right isotonicity holds
for MEOW1. However, left isotonicity does not hold and a
counterexample is shown in Figure 2. [ ]

Theorem 6. The algebra of MEOW?2 is monotonic and left
isotonic, but not right isotonic.

Proof: We can similarly obtain
Va,b € L, wa(a @ b) = wa(a) + wa(b)N(a) (3)
The proof of Theorem 6 is similar to that of Theorem 5. W

Theorem 7. The algebra of MERT is monotonic, but not left
or right isotonic.

Proof: Since MEOW1 and MEOW2 are monotonic, it is
obvious that MERT is also monotonic. We temporarily skip
the proof of left (right) isotonicity not holding. The remaining
proof is given in Section VI |

Theorem 8. The algebras of MEOWI, MEOW?2, and MERT
are non-commutative.
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(1,2) (3,4) (2,2)
a®b: e e ————@
(2,2) (1,2) (3,4)
b® a: ————eo — & ————— 0

Fig. 3: Counterexample of MERT not satisfying commutativ-
ity, where ws(a @ b) = 40 + 26 = 66, but w3(b ® a) =
30432 = 62. Path a consists of two links and path b consists
of one link. Each link is labeled with (V,e).

Proof: MEOW1 and MEOW?2 are not commutative, otherwise
left isotonicity is equivalent to right isotonicity and this
contradicts Theorems 5 and 6. MERT is not commutative
either, as shown by the example in Figure 3. ]

In end-to-end retransmissions, packet loss triggers retrans-
missions from the source, leading to unbalanced times of
packet traversal across each link. This lack of commutativity
necessitates distinguishing between left and right isotonicity,
impacting the applicability of routing algorithms. Due to the
unidirectional isotonicity of MEOWI, Table II shows that
flooding and link state algorithms with source routing are
applicable to MEOW1, while the absence of left isotonicity
renders path vector algorithms ineffective. Additionally, none
of the three algorithms in Table II work for MERT. Fig-
ure 4 demonstrates the execution of the flooding algorithm.
While the optimal weight from source s to destination ¢ is
w(suvt) = 18, the flooding algorithm either fails to set the
correct forwarding path (Figure 4a) or cannot find the optimal
path (Figure 4b). Similarly, Figure 5 shows that the link state
algorithm also fails to identify the optimal path.

B. Routing with Inter-Protocol Translation

Numerous protocols and APIs have been developed to sup-
port diverse IoT applications. However, these independently
created protocols often lack interoperability. When data need
to cross regions with different protocols, translation through
middleware or protocol proxies becomes necessary, resulting
in additional resource consumption and delays [34]-[38].

The translation overhead is typically asymmetric. For exam-
ple, SLP [39] and UPnP [40] are application layer protocols fa-
cilitating the discovery and interaction of services and devices
in IoT networks. Translating from UPnP to SLP incurs higher
overhead than translating in the reverse direction, as UPnP is
a more general protocol and requires adaptation to the more
specific SLP. The average translation time from UPnP to SLP
using the Starlink middleware is 6208 ms, while the reverse
translation takes only 319 ms [35]. Note that routing with
asymmetric protocol translation costs is a widespread issue in
various types of networks and not limited to IoT networks.

We consider the routing algebra of Minimizing Delay (MD).
For two paths a,b € L, let t(a,b) be the translation time from
the protocol used by the last link of a to the protocol used by
the first link of b. The path weight w is defined as

w(a ®b) = w(a) +w(b) + t(a,d)

Since w > 0, ¢ > 0, and t(a,b) # t(b,a), we derive the
following theorem.

Theorem 9. The algebra of MD is monotonic, neither left nor
right isotonic, and non-commutative.

According to Table II, none of the three routing algorithms
work for MD.

V. GENERAL REDUCTION METHODS

To address the non-commutative issues in the previous
section, we propose general reduction methods to transform
non-isotonic routing metrics into isotonic forms on partial
orders. We then examine the solvability of non-commutative
routing problems that lack monotonicity or isotonicity.

A. Left and Right Isotonic Reduction

The concept of isotonic reduction was first introduced in
[6], [7] to address the use of path vector algorithms for
commutative but non-isotonic routing algebras. For general
routing algebras, we propose the concept of left and right
isotonic reduction and explore their properties.

Definition 10. For an algebra (S, =<, L, ®, w), a left isotonic
reduction <y g is a subrelation of < that makes (S,=<rr
, L, ®, w) left isotonic.

Definition 11. For an algebra (S, <, L, ®, w), a right isotonic
reduction <prp is a subrelation of < that makes (S, =<grgr
, L, ®, w) right isotonic.

An isotonic reduction yields a partial order, and a routing
algebra can have multiple left or right isotonic reductions. The
greatest left or right isotonic reduction (GLR or GRR) is the
one where all other reductions are its subrelations. GLR and
GRR can be calculated through the following theorems. The
proofs are analogous to those in commutative algebras [7] and
are therefore omitted.

Theorem 12. The greatest left isotonic reduction =grr of
the partial order < exists: Ya,b € L, w(a) <grr w(b) <
Ve e L, wix@a) X w(zdbd).

Theorem 13. The greatest right isotonic reduction <grr of
the partial order < exists: Ya,b € L, w(a) Sgrr w(b) <=
Ve e L, wiadz) Zwbd ).

Isotonic reduction is essentially the selection of a subrela-
tion <p of the original partial order < to achieve isotonic-
ity. By making more path weights incomparable, isotonicity
becomes easier to establish. However, there is no free lunch.
While gaining isotonicity, there may be a loss of monotonicity.
It can be proved that any reduction does not facilitate estab-
lishing monotonicity. This explains why isotonic reductions
cannot be performed without restriction and why we prefer
the greatest isotonic reduction.

Lemma 14. If an algebra (S, =<, L,®,w) is not left (right)
monotonic, then for any arbitrary subrelation of =<, denoted
as =/, (S, =/, L, ®,w) is not left (right) monotonic.

Proof: If (S, =<', L,®,w) is left monotonic, then Va,b € L,
w(a) X w(b®a) = w(a) 2 w(bda). We obtain that (S, <
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*(1,1,1,2) : s

(1.5,6)

Destination

%(1,9,9,18) : v

(a) (1,3,3,6) arrives first at v

*(1,1,1,2) : s

(1.5,6)

*(1.25,2.5,2.5,5) : s Destination

%(1.25,8.5,10,18.5) : v

(1,6)

(b) (1.25,2.5,2.5,5) arrives first at v

Fig. 4: Stable state of the flooding algorithm for MERT with source routing. Each link is labeled with (V,e). Nodes transfer
N, w1, ws to calculate a new value for w3 using (2) (3). Each node is labeled with its calculated quadruples (N, wy, wa, w3),

with the elected quadruple marked by stars.

(1,1)

Source
%(1,0,0,0) : null

(1.25,2)

%(1,1,1,2) : s

(1.5,6)

Destination

ootootoetoo)—nult
*(1.25,2.5,2.5,5) : s %(1.25,8.5,10, 18.5) : v

(1,6)

Fig. 5: Stable state of the link state algorithm for MERT with
source routing. Each link is labeled with (N, e). Each node
is labeled with its calculated quadruples (N, wq, wa, w3), with
the elected quadruple marked by stars.

,L,®,w) is left monotonic, which leads to a contradiction.
The proof for right monotonic case is similar. ]

It has been proved that the greatest isotonic reduction
preserves monotonicity in commutative algebras [7]. However,
this proof depends on commutativity and does not apply to
general algebras. Therefore, it is necessary to examine the
impact of GLR and GRR on monotonicity in general algebras.
We propose the following theorems, with the properties of
GLR and GRR summarized in Table IV.

Lemma 15. (i) Right isotonicity implies left monotonicity, and
(ii) left isotonicity implies right monotonicity.

Proof: We only prove (i). From Vb € L, w(e) =< w(b) and
right isotonicity, we obtain Va,b € L, w(a) = w(e ® a) =
w(b® a), and therefore left monotonicity holds. [ |

Theorem 16. (i) GLR preserves right monotonicity and right
isotonicity. Generally, GLR does not preserve left monotonic-
ity. (ii) For a right isotonic algebra, GLR preserves left
monotonicity if and only if the algebra is right monotonic.

Theorem 17. (i) GRR preserves left monotonicity and left
isotonicity. Generally, GRR does not preserve right mono-
tonicity. (ii) For a left isotonic algebra, GRR preserves right
monotonicity if and only if the algebra is left monotonic.

TABLE IV: Properties of GLR and GRR. O is for preserving
the corresponding properties, X means not preserving the
properties, and — is a meaningless entry. For example, for
a left isotonic algebra, its GLR is identical to itself.

Preserving the property of L.M.* R.M?* L.I. R. L
GLR X o — oP
GRR (0] X (o) —

# can be strict.
b R. M. before reduction <= preserving (strict) L. M.
¢ L. M. before reduction <= preserving (strict) R. M.

Proof: We only prove Theorem 16. (i) From Theorem 12,

(S, =¢Lr, L, ®,w) is right monotonic
<= Va,b € L, w(a) 2grLr w(adb)
<= Va,b,z € L, wix®a) 2wz (adb))
<= Va,bz € L, wix®a) 2w((zPa)db)
<~ (5,=,L,®,w) is right monotonic
If (S, =<, L,®,w) is right isotonic, we show that (S, <grLr
,L,®,w) is right isotonic.
Va,b € L, w(a) 2crr w(b)
<= Va,b,x € L, w(x®a) 2 w(xdb)
<~ Va,b,z,ce L, w(z®a)dc) 2w(zdb)®c)
<~ Va,b,z,ce L, wxd(adc)) 2w(xd (bdc))
<= Va,b,ce L, wia®c) 2arr w(b®c)

The following is a counterexample of GLR without pre-
serving left monotonicity: w(uguy - - u,) = Sor—y 2071
w(u;u;41). This algebra is left monotonic and right isotonic.
Consider three links x,a,b such that w(x) = 8, w(b) = 2,
w(a) = 1. We have 5 = w(z @ a) > w(z bda) = 4.
Therefore, w(a) AcrLr w(b @ a), and (S, 2¢Lr, L, ®,w) is
not left monotonic.

(ii) If (S, =%, L, ®, w) is right isotonic, it is also left mono-
tonic according to Lemma 15. We show that GLR preserves
left monotonicity if and only if the algebra is right monotonic.

Va,b € L, w(a) 2crr w(b® a)
<= Va,b,z € L, wix®a) 2wz (bda))
<= Va,b,z € L, wix®a) 2w((zdd)da)
<= Vb,z € L, w(z) < w(z®b)

@
@

Authorized licensed use limited to: Tsinghua University. Downloaded on October 15,2026 at 12:29:01 UTC from IEEE Xplore. Restrictions apply.



TABLE V: Solvability of routing problems with various alge-
braic properties. Source routing is assumed because it demands
less stringent algebraic properties than hop-by-hop routing. O
indicates that the algorithm can directly solve the problem.
X—0 (or X—?) means that the algorithm cannot directly
solve the problem, but its partial order version is (or may be)
applicable after GLR or GRR. X—X means that the algorithm
cannot work, and its partial order version cannot work either
after any reduction.

Properties Path Vector Flooding Link State

None X GLE o x GEE, o x GRE,

L. M. X GLE o x SRR, o x SRR x

R. M. X GLE o x GRE, o x CGER.,

M. X GLE o x GRE, o x GEE

M. &LIL O X GBR o x CGER, g

LM&RIL X%%0 o X —— X

RM&LL O x ZEE o X — X
M &R1L X% o o 0
M. & L 0 0 0

B. Solvability of Routing Problems

Based on Lemma 14, Theorem 16, Theorem 17, Table II,
and Table IV, the solvability of routing problems in general
algebras can be determined. Table V provides sufficient con-
ditions for routing problems with various algebraic properties
to be solvable or unsolvable.

According to Lemma 15, only the properties listed in
Table V need to be considered. We focus on three common
algorithms with source routing: path vector, flooding, and
link state, along with their partial order versions. The path
vector algorithm on partial orders is detailed in [7], while the
other partial order algorithms still lack relevant research. In
Section VII, we propose a partial order version of the link
state algorithm.

Path vector and flooding algorithms do not require mono-
tonicity, so GLR or GRR can be applied when they fail due to
the lack of left or right isotonicity (see X—O entries in Table
V). However, for link state algorithm, right monotonicity must
be ensured after GRR. There are some X—X and X—? entries
because the reduction is ineffective for establishing right
monotonicity (see Lemma 14 and Theorem 17 for details). For
X—? entries, the right monotonicity after GRR is uncertain
and depends on the specific algebra.

When addressing practical problems, a detailed analysis is
necessary. While GLR or GRR is a feasible option, it may not
always be the best choice. An illustrative example is provided
in Section VI-A.

VI. EXAMPLES REVISITED

In this section, we revisit the examples in Section IV based
on the reduction methods proposed in the previous section.

A. GLR and GRR of MERT

Based on the row of M. in Table V, we can calculate GLR
(or GRR) to enable the path vector (or flooding, link state)
algorithm for MERT. Additionally, the proof of Theorem 7
is completed in this section. The GLR and GRR results for
MERT differ from the original partial order before reduction,
indicating that MERT is neither left nor right isotonic.

First, we calculate GLR <gpprgrr of MERT.

wz(a) XrrcLr w3(b)
<= VzeL, wis(zxPa) S ws(xdb)
= Ve el wi(z@a)+wzx®a) <wi(x®b) + w2z D)
— Vz € L, wi(z)(N(a) - N(b))

< wi(b) — wi(a) + (w2(b) — wa2(a))N(z)
= ilelIL)(wl(fE)(N( a) — N(b)))
< wi(b) —wi(a) + inf ((w2(b) — wa(a))N(z))
<= (w2(b) — wa(a) > 0)A
(N(a) < N(b) — w3(b) — ws(a) > 0)A

(N(a) > N(b) —
ws(b) —ws(a) = (N(a) — N (b)) sup wi(x))

zeL
Note that infL N(z)=1and ing((wg(b) —wsz(a))N(x)) =
TEe RS

—oo when wa(b) — wa(a) < 0. However, it is related to
sup w1 (x), which requires global network information. We can
el

avoid it and use a simpler partial order <p7rr for MERT.
Definition 18. Va,b € L, ws(a) =rrrr w3(b) <= (N(a)
< N(b)) A (wz(a) 2wz (b)) A (wa(a) < wa(D)).

Theorem 19. The algebra (S, <grrLR, L, ®,
and left isotonic.

Proof: Ya,b € L, it is trivial that N(a) < N(b & a). From
left monotonicity of MEOW?2 and MERT, we have ws(a) =<
wa(b @ a), and wz(a) = ws(b @ a). According to Definition
18, wg(a) =RTLR w3<b (5) CL). The proof of wg(a) =<RTLR

ws(a @ b) is similar.
If ws(a) <prrr ws(b), we have N(a) < N(b), w
w3(b) and wy(a) < wo(b), and then obtain that Vc € L
) <

N(c@a) = N(c)N(a) < N(¢)N(b) = N(c®b)

w) is monotonic

3(a) =

w1(c@®b) + wa(c®b) = ws(cdb)
wa(c @ a) = w2(c) + wa(a)N(c)
< wa(e) + wa (BN () = wa(c @ D)

w3(c@a) =wi(cPa)+ w2(cda)
= wi(a) + wi(c)N(a) + w2(c) + wa2(a)N(c)
= ws(a) + wi(c)N(a) + w2(c) + wa(a)(N(c) — 1)
< ws(b) + wi(c)N(b) + wz(c) + w2 (b)(N(c) — 1)
= w1(b) + w1(c)N(b) + w2 (c) + w2(b)N(c)
(
(c

That is, ws (C@ a) =<RTLR ’U)3(C@b). Therefore, <rrLR 1S
a left isotonic reduction of MERT. [ ]

A solution for MERT with path vector algorithm involves
using <p7r R as the path selection criterion, comparing IV, ws
and wo of the paths and employing multi-objective routing.

Similarly, we can also calculate GRR <prarr of MERT,
and get a simpler right isotonic reduction <p7TRrR.
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Definition 20. Va,b € L, wg(a) =RTRR ’wg(b) — (N(a)
< N(0)) A (ws(a) 2 ws(b)) A (wi(a) 2 wi(b)).

Theorem 21. The algebra (S, XgrrrR, L, ®, W) is monotonic
and right isotonic.

For flooding algorithm, we can use <prprpr as the path
selection criterion. For link state algorithm, in addition to the
previous steps, it is crucial to verify the right monotonicity
after reduction. Fortunately, according to Theorem 21, <prrpr
is indeed right monotonic.

B. GLR and GRR of MD

According to the row of M. in Table V, we can calculate
GLR (or GRR) to enable the path vector (or flooding, link
state) algorithm for MD.

w(a) *mpcerr w(b)
Ve eL, wxda) Jwxdbd)
<= Vre L, w(z)+w()+txz, a) <w(x)+wb)+tx,b)
= w(b) —w(a) > ilépL) (t(z,a) — t(x,b))

The calculation of sup (t(z,a) — t(z,b)) is easy, since it
L

TE
is only related to the protocol translation cost matrix. A path
vector solution for MD can be obtained by using <;paLr
as the path selection criterion. Similarly, we can derive

w(a) Impcerr w(b) < w(b) —w(a) > sup (t(a,z) — t(b, z))
zeL
A flooding solution for MD can be obtained by using
<MbDGRR as the path selection criterion. To apply the link
state algorithm using =<y/pGRrR, it is necessary to verify the
right monotonicity of the reduced algebra.

Theorem 22. The algebra (S, =<mparr,L,®,w) is right
monotonic.

Proof: For arbitrary path a and link b,

w(a) Imperr w(a ®b)
— w(a®b) —w(a) > 816112 (t(a,z) —t(a @ b, x))

—> w(b) > 51615 (t(a,x) —

t(b,x)) — t(a,b)

To prove this, it is sufficient to show that the right side
of the inequality is non-positive. According to the practical
meaning of ¢, the triangle inequality ¢(a, ) < t(a,b) +t(b, x)
holds. If this were not true, we could use the protocol of b as
a transition to complete the translation from the protocol of a
to that of x at a lower cost. Hence, the inequality holds. If b
is a path containing multiple links, we can break down b into
links and repeat the above process to conclude the proof. W

VII. LINK STATE ALGORITHM ON PARTIAL ORDERS

Routing algorithms on partial orders are needed to solve
problems after reduction. Although path vector algorithms on
partial orders have been explored [7], [28], [41], the link
state approach is still indispensable when fast convergence is
required. It is a classic method for calculating the shortest path
based on Dijkstra’s algorithm [42]. Its core concept involves
current nodes, which are not updated once visited. In the case

Algorithm 1 Dominant Link State Algorithm

Input: Network G(V, E), source s, path selection criterion <.
Output: Set of dominant weights F(s,v) and dominant paths
L*(s,v) from source s to node v for all v € V.

1: for all v € V do
2 M(v) < {w(p)}, E(s,v) < @, L"(s,v) < {¢}
3: I(s) = {w(e)}, L*(s,s) « {e}
4: while |, II(v) # @ do
5:  w(lsi) < arbitrary minimal element in |, TI(v)
6:  if w(ls;) # w(p) then
7: E(s,i) + E(s,i) U{w(ls)}, L*(s,1) « L*(s,4) U{lsi }
8: I1(%) < T1(3) — {w(lsi)}
9: for all j an out-neighbor of ¢ do
10: 11(j) <= D<(I(5) U E(s,5) U{w(ls: ©if)}) \ E(s, )
11: return E(s,v) and L*(s,v) for all v € V
= T
%(1,0,0,0) : null %(1,1,1,2) : s
(1.25,2) (1.5,6)
_ _ _ ] Destination
*(1.25,2.5,2.5,5) : s
R O (1.6) ® TR
%(1,9,9,18) : suv

Fig. 6: Stable state of dominant link state algorithm for MERT
with source routing and path selection criterion <grrp. Each
link is labeled with (N, e). ws is calculated using (2) (3). Each
node is labeled with its calculated quadruples (N, w1, wa, ws),
where the ones with stars are elected by the node.

of partial order, however, the dominant path is not necessarily
unique. Nodes must retain multiple paths that are not locally
optimal but may generate a global optimal path. For example,
in MERT routing (Figure 5), the optimal path from s to ¢ is
suvt, but link state algorithm fails to find it because node v
only retains the locally optimal path sv and discards suwv.

Let D<(A) = {a € A | Vb€ A, b A a} represent the
dominant weight set of A. Algorithm 1 is a link state algorithm
that can operate on a partial order. The main modification
is using current weights instead of current nodes. In each
iteration, a dominant weight w(l;) is elected from the union
of candidate weight sets (J, ., II(v) that have not yet been
chosen, and it becomes the current weight. Even with multiple
dominant weights, electing any one of them will not affect
the algorithm’s correctness. It is added into the elected weight
set E(s,i) of node 4, and the candidate weight sets of i’s
out-neighbors are updated. When an out-neighbor j receives
the weight w(ls; @ ij), it checks for more preferred weights
in II(j) or E(s,j). If none are found, the received weight
is added into II(j), and less preferred weights in II(j) are
eliminated (Line 10).

Algorithm 1 can repeatedly update nodes and compute all
dominant paths, but this process may be time-consuming. To
expedite convergence, we introduce an incremental recovery
strategy. When a link failure occurs, we identify the affected
nodes and recalculate only their paths, similar to the incre-
mental Shortest Path First (SPF) [43].
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The stable state of Algorithm 1 for MERT routing is shown
in Figure 6. The optimal path from s to ¢ of MERT (path
suvt) can be obtained from the dominant path set of <prrR
(path set {suvt, svt}) using <prggrr, i€., choosing the path
with the minimum ws.

The following properties are essential to ensure the proper
execution of Algorithm 1.

« Convergence and loop-freeness: strict right monotonicity of
all loops in the network (Theorem 23). If source routing
is used and loops are excluded during routing, this prop-
erty is no longer needed and the convergence condition is
automatically met.

o Dominance: right monotonicity and right isotonicity of the
routing algebra (Theorem 27).

A. Proof of Convergence and Loop-Freeness

Theorem 23. [f all loops in the algebra (S,=,L,®,w)
are strictly right monotonic, Algorithm 1 terminates and the
routing is loop-free.

Proof: Consider a path uouy - - - u, where n > |V/|. It must
contain a loop, i.e., there exist indices ¢ < j such that u; = u;.
The loop u;u;y1---u; is strictly right monotonic, meaning
that w(uouy - --u;) < w(uouy -« Uili1 ---u;). When at-
tempting to add w(uouq - - - w;uiq1 - - - u;) into II(w;) (Line
10), w(uguy - - - u;) must have been elected as a current weight
before and is present in E(s, u;), which prevents this addition.
Thus, |J, ¢y II(v) only contains weights of paths with fewer
than |V| links, ensuring that it is finite. Consequently, Algo-
rithm 1 terminates in finite steps. The above proof also implies
that the routing is loop-free. ]

B. Proof of Dominance

Denote A*(s,u) = D<(w(L(s,u))) = {w(ls,) | P, st
w(l’,) < w(lsy,)} as the set of dominant weights from node
s to node wu.

Lemma 24. Vi € L(s,u), Ja € A*(s,u) s.t. a = w(l).

Proof: If w(l) € A*(s,u), we are done. Otherwise, 3/, s.t

w(ll,) < w(l). Ifw(ll,) € A*(s,u), we are done. Otherwise,
Y, stow(ll,) < wll,) < w(l). Since A*(s,u) # & and
L(s,u) is finite, this process must terminate. Eventually, we
can find a dominant weight a € A*(s,u) s.t. a < w(l). [ |

Denote W (s,v) = {w(lsy, ® uv) | w(lsy) € E(s,u),u is
an in-neighbor of v} as the set of weights that extend from
E(s,u) to node v for all in-neighbors u of v. It is evident that
E(s,v) C W(s,v). The following lemma further demonstrates

the dominance of E(s,v).

Lemma 25. If the algebra (S, =<, L, ®,w) is rlght monotonic,
in the stable state of Algorithm I, E( v) = D<(W(s,v)).

Proof: First, we prove E(s,v) C D<(W(s,v)). For any
w(lsy) € E(s,v), if w(ls) ¢ D<(W(s,v)), then there
exists w(l,) € W(s,v) such that w(l},) < w(ls,). When
w(lsy) is elected as a current weight, w(l,,) has not yet
been generated. Otherwise, w(ls, ) would have been eliminated

by w(l.,) or some other more preferred weight in Line 10.
Now, w(l.,) corresponds to a weight w(l.,) in II(x), which
has not yet been extended to v, i.e., I, = I, @I ,. Since
w(ls,) is the dominant weight among the candidate weights,
we have w(l.,) 4 w(ls,). From right monotonicity, we get

w(ll,) 2w, ®l,) =w(.,) < w(lsy,), which leads to a
contradiction. Therefore, w(ls,) € D<(W (s,v)).

Then, we prove D<(W(s,v)) C E(s,v). For any w(ls, ®
wv) € D<(W(s,v)), since lg, € E(s,u), w(ls, & uv) will
update II(v) in Line 10 after w(ls,) is elected as a current
weight. As w(ls, ® wv) is a dominant weight in W (s, v), it
cannot be eliminated by any other weight. Thus, it will be
added into II(v) and eventually included in E(s,v). [ |

Lemma 26. If the algebra (S, =, L, ®,w) is right monotonic
and right isotonic, in the stable state of Algorithm 1, VI €
L(s,u), 3a € E(s,u) s.t. a < w(l).

Proof: We use induction on the link count of the path from
source s = ug to destination ,,.

Base case: If the link count is 0, it is a trivial path . The
elected weight at ug is {w(e)}. The lemma holds.

Inductive hypothesis: For arbitrary k > 1, assume that the
lemma holds for a link count less than or equal to k — 1.

Inductive step: Let ugu; - - - up denote a path from source
ugo to destination uy. According to the induction hypothesis,
Fw(lyguy_,) € E(uo, ug—1) st. w(lygu,_,) = w(uouy -
ug—1). From right isotonicity, w(lygu, , Bur—1ur) = wluug

ug). Since w(lygu, , ® ug—1uk) € Wug,uy), according
to Lemma 25, 3a € E(ug,ur) = D<(W(ug,ug)) st. a =
W(luguy,_, Duk—1ug) = w(uguy - - - ug). Therefore, the lemma
holds for the case of link count k as well. ]

Theorem 27. If the algebra (S, =, L, ®,w) is right monotonic
and right isotonic, Algorithm 1 satisfies dominance, which
means that in the stable state, the weight set E(s,u) elected
by any destination u is equal to the set of dominant weights
A*(s,u) from s to u.

Proof: First, we prove E(s,u) C A*(s,u). Vw(lsy,) € E(s,u),
from Lemma 24, Jw(l,,) € A*(s,u) s.t. w(ll,) = w(lsy).
According to Lemma 26, Jw(l?,) € E(s,u) s.t. w(ll,) =
w(l’,,). Therefore, w(lZ,) < w(ll,) = w(ls,), where w(lZ,),
w(lsy) € E(s,u). However, according to Lemma 25, the
weights in E(s,u) are incomparable, and thus they are the
same weights. Hence, w(ls,) = w(l,) € A*(s,u).

Then, we prove A*(s,u) C E(s,u). Yw(ls,) € A*(s,u),
according to Lemma 26, Jw(l,) € E(s,u) st w(ll,) =
w(lsy). According to Lemma 24, Jw(l”,) € A*(s,u) s.t.
w(l?,) = w(ll,). Therefore, w(l,) = w(l’,) =X w(ls),
where w(l”,), w(ls,) € A*(s,u). However, the weights in
A*(s,u) are incomparable, and thus they are the same weights.
Hence, w(ls,) = w(l},) € E(s, u). [ |

VIII. EVALUATION

In this section, we measure the termination time of Algo-
rithm 1 through simulations. We assess the influence of dom-
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TABLE VI: Network topologies used in simulations.

Topology Nodes Edges Number of Dominant Paths
AS 1221 50 194 average 4.96, max 27
AS 1755 73 292 average 7.79, max 36
AS 3257 113 558 average 15.06, max 130
AS 6461 129 726 average 21.58, max 292
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Fig. 7: Termination time of Algorithm 1 under different sizes
of dominant path sets.

inant path set sizes, and the effectiveness of the incremental
recovery mechanism in case of link failure.

We consider a constrained multi-objective routing problem,
a special case of partial order routing. Given a network G =
(V, E), link weights, and constraints C' = (T, X,Y, Z), ie.,
delay < T, packet loss rate < X, bandwidth > Y and energy
consumption (MEOW1) < Z, we compute the dominant path
set using Algorithm 1. The network topologies used in the
simulations are real topologies inferred by Rocketfuel [44]
(Table VI). The problem involves four metrics. Rocketfuel
topologies provide link delays and bandwidths. Packet loss
rates are randomly assigned values between 0 and 0.05, and
energy consumption values range between 200 and 1000.

The original size of the dominant path set is shown in Table
VI. We introduce constraints of varying scales to manage the
size of dominant path set. We first calculate the minimum and
maximum values for the four metrics between each node pair,
then select 10 sets of data within these extremes as constraints.
Delay, packet loss rate, and energy consumption increase,
while bandwidth decreases. Paths that do not meet these
constraints are discarded during the algorithm’s execution,
affecting the size of the dominant path set. We also examine
the unconstrained case, using the maximum values of delay,
packet loss rate, and energy consumption, and the minimum
value of bandwidth as constraints. We randomly delete 1% of
links in the network and recalculate the dominant path set to
evaluate the incremental recovery strategy.

Results are presented in Figures 7 and 8. The termination
time of Algorithm 1 grows between linear and quadratic with
respect to the number of dominant paths, while the incremental
recovery can reduce the termination time by over an order

0.87 -

-
-
s

0.61

CDF

0.4

0.21r

H —— without incremental recovery
r --- with incremental recovery

0.0+ - ; ‘ i
107 107" 10° 10' 107 10°
Termination Time (ms)

Fig. 8: Cumulative distribution function (CDF) of termination
time of Algorithm 1.

of magnitude. Algorithm 1 terminates faster than path vector
algorithms. The median termination time without incremental
recovery is 2.58 ms, whereas with incremental recovery, it
drops to under 0.20 ms, with the 90th percentile around 1
ms. Although the initial computation of all dominant paths
may take some time, the algorithm can quickly update the
dominant path set after a link failure. For example, with 10
dominant paths, the initial computation requires 8.38 ms, but
updates take only 0.20 ms.

IX. CONCLUSION AND DISCUSSION

In this paper, we have presented a comprehensive study
of non-commutative routing. The non-commutative algebras
introduced in Section IV are also applicable to various similar
scenarios. Table V primarily examines three common routing
algorithms, and our analysis can be easily extended to other
algorithms as well. We first identify the necessary algebraic
properties for an algorithm to converge and route on the opti-
mal path. Then the solvability of routing problems with various
algebraic properties using this algorithm can be obtained from
Table IV.

During the execution of Algorithm 1, the weights elected
by nodes can only be eliminated when more preferred weights
arrive. If a link failure occurs, a new computation instance
needs to be initiated to calculate for the nodes affected by the
failure. Although computational load can be lessened through
incremental recovery strategy, in the future, more mechanism
designs can be explored to address link failures.
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