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Abstract—Network utility maximization (NUM) is a funda-
mental problem for network traffic management and resource
allocation. Due to the inherent decentralization and complexity
of networks, much of the existing research has focused on
developing decentralized algorithms for NUM. However, with
the rise of Software-Defined Networking (SDN), especially in
cloud networks and inter-datacenter networks managed by large
enterprises, there has been growing interest in centralized NUM
algorithms. To cope with the large and increasing number of
flows in such SDN networks, existing studies on centralized NUM
focus on the scalability of the algorithm with respect to the
number of flows, but the efficiency is ignored. In this paper,
we propose a centralized, efficient and scalable algorithm for
the NUM problem. By designing smooth utility and penalty
functions, we formulate the NUM problem with a smooth objec-
tive function, which enables the use of Nesterov’s accelerated
gradient method (AGM). We prove that the proposed method
achieves an O(d/t2) convergence rate, demonstrating superior
convergence speed with respect to the number of iterations t,
and our method is scalable with respect to the number of flows
d in the network. Our smooth objective NUM formulation and
AGM are effective not only in simple network scenarios with non-
prioritized flows routed on one simple paths, but also in more
complex and practical scenarios involving prioritized flows routed
across multiple complex paths. Experiment results confirm that
our method obtains accurate solutions with fewer iterations, and
achieves close-to-optimal network utility.

Index Terms—Network utility maximization, resource alloca-
tion, accelerated gradient method.

I. INTRODUCTION

THE rapid growth in network traffic and the number of
network users has brought unprecedented challenges to

effective and fair network resource allocation. The network
utility maximization (NUM) problem, originally proposed by
Kelly [1], provides a fundamental framework for addressing
this challenge. In the NUM problem, multiple sources send
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elastic traffic along predetermined paths, and each source has a
continuously differentiable, non-decreasing and concave utility
function related to its sending rate. The most commonly used
utility function is the α-fair function proposed by Mo and
Walrand [2], [3]. The objective of the problem is to maximize
the total utility across all sources, subject to link capacity
constraints. Due to its generality and flexibility, NUM has been
applied across various network scenarios, including wireless
network [4], multi-layer radio access network [5], network
function virtualization [6] and so on.

Given the decentralized and complex nature of networks,
most of the NUM research [7], [8], [9] assumes that informa-
tion like link capacity and flow route are only locally known
by network devices [10], and develops decentralized algorithm
based on dual decomposition [11]. The NUM problem is
solved iteratively in a decentralized manner, where network
devices solve their subproblems locally and communicate
necessary information like intermediate results. Decentralized
methods usually scale with the number of concurrent flows
d, and the fastest convergence rate achieved by existing
decentralized methods is O(1/t) [12], [13] where t represents
the number of iterations.

Over the past decades, Software Defined Networking (SDN)
[14] has garnered great attention because of its ability to
decouple control plane from data plane, offering a centralized
approach to network management. Unlike traditional decen-
tralized networks, the SDN architecture features a central
controller with a global view of the network topology and
states. This SDN controller centrally computes forwarding
paths, flow rates, etc., and then controls the behavior of
switches in the data plane. SDN has been widely adopted,
especially in cloud networks and inter-datacenter networks
managed by large enterprises [15], [16], where a large number
of flows are competing for scarce and expensive network
resources like link bandwidth. To meet the urgent need for
managing and optimizing resource allocation in such net-
works, it is essential to develop centralized, efficient and
scalable algorithms for the NUM problem: the algorithm
should be centralized to solve the problem on the SDN
controller with global information, be efficient to achieve near-
optimal results fast or even in real time, and be scalable to
accommodate the large and even increasing number of network
flows.

Existing studies about centralized NUM algorithm mainly
focus on achieving scalability, but the efficiency remains sub-
optimal. Gupta et al. [17] address scalability by converting the
original NUM problem into a simpler problem involving only
aggregate flows. However, this approach does not guarantee
a fast convergence rate or high efficiency. The state-of-the-
art method Exp-NUM [18] solves the penalty-based NUM
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formulation with exponentiated gradient descent, which is
proven to be scalable with respect to the number of flows.
Despite this, it suffers from poor efficiency due to its slow
convergence rate with respect to the number of iterations t;
this method requires a large number of iterations to reach an
accurate solution.

In this paper, we follow the classical formulation of the
NUM problem with d concurrent flows and the α-fair utility
function, and derive a centralized accelerated gradient method
(AGM) for the NUM problem, which is both efficient and
scalable. Unlike existing approaches that only rely on the
Lipschitz continuous property of the α-fair function, we go
a step further by revealing the smoothness of the α-fair
function and design an appropriate smooth penalty function
for the link capacity constraints. Our formulation enables the
use of Nesterov’s accelerated gradient method [19], which is
widely considered the fastest iterative algorithm for smooth
objective functions. Our method is proven to have a fast
convergence rate with respect to the number of iterations
t, ensuring high efficiency, while also being scalable with
respect to the number of flows d. These characteristics show its
great potential for resource allocation in large-scale centrally
controlled networks.

The main contributions of our paper are as follows:
• We are the first to formulate the NUM problem with a

smooth objective function. First, we propose and prove
that the α-fair utility function becomes smooth with
only minor changes. Then, we design a smooth penalty
function for the penalty-based formulation, which leads
to the overall smoothness of the objective function in
cooperation with the smooth α-fair utility function or
any other smooth utility functions. The NUM formu-
lation with smooth objective function benefits existing
algorithms, enabling the convergence rate of the vanilla
gradient descent to improve from O(1/

√
t) to O(1/t),

and facilitates the design of faster algorithms.
• We propose to apply Nesterov’s accelerated gradient

method (AGM) to solve the centralized NUM problem.
Thanks to the smoothness of the objective function, the
algorithm has an O(d/t2) convergence rate under the
assumption that the number of network links is much
smaller than d, indicating its rapid convergence with
respect to t. The iteration complexity of our algorithm
is proportional to

√
d, so the algorithm is scalable with

respect to the number of flows and can maintain good per-
formance as d increases. Moreover, AGM is guaranteed
to have a lower error upper bound than the state-of-the-art
method Exp-NUM with enough number of iterations. We
also use two restart heuristics to boost the convergence
of AGM and alleviate the bumps during the iteration.

• We conduct extensive experiments to evaluate the algo-
rithms and demonstrate the efficiency and scalability of
AGM. The experimental results are in good agreement
with the theoretical results. AGM has the fastest conver-
gence rate compared to gradient descent and Exp-NUM,
and achieves accurate solutions. Besides, our method
obtains close-to-optimal utility function value, indicating
the effectiveness of the smoothly penalized NUM formu-
lation. And our method performs consistently well with
different number of flows, showing its good scalability
with respect to d.

• In addition to the simple NUM problem with non-
prioritized flows each routing on one simple path, we

extend our approach to more complex network scenarios
where prioritized flows route on multiple complex paths.
We propose the smooth penalty-based formulation of
the generalized NUM problem, prove the smoothness
of the generalized objective function, and discuss the
effectiveness of AGM. We also conduct experiments to
demonstrate the consistent fast convergence and scalabil-
ity of AGM for the generalized NUM problem.

The rest of the paper is structured as follows. Section II is
the related work. Section III presents the formulation of the
NUM problem. In Section IV, we introduce the state-of-the-
art gradient based methods for centralized NUM problem. We
formulate the NUM problem with smooth objective function
in Sec V, and then present the accelerated gradient method in
Sec VI. In section VII, we extend the simple NUM problem to
consider complex network scenarios. We evaluate the proposed
algorithm with the simple NUM problem and the generalized
NUM problem in section VIII and section IX respectively. In
section X, we discuss the limitations of our method. Finally,
we make a conclusion in Section XI.

II. RELATED WORK

In the past two decades, there has been plenty of research
in NUM. Most studies focus on concave utility functions,
and some specifically use α-fair function in the problem
formulation or as a representative example [5], [7], [8], [12],
[13], [17], [18], [22]. There is also research on non-concave
utility functions. For example, Ashour et al. [23] tackled the
non-concave NUM problem by applying a series of convex
relaxations. NUM algorithms are usually iterative, and their
performance is related to: i) convergence rate, i.e., the achieved
error ε1 at step t, or equivalently, iteration complexity, i.e.,
the number of iterations required to achieve an error; ii) per-
iteration cost, measured by the computational complexity or
number of mathematical operations per iteration.

Newton’s method is believed to have the fastest conver-
gence rate. Wei et al. [24] proposed a distributed Newton’s
method for the NUM problem. Zargham et al. [25], [26]
accelerated dual descent with an approximate Newton-like
algorithm. However, the convergence rate is not concisely
derived. Besides, Newton’s method requires computing Hes-
sian matrix and its inverse, causing heavy per-iteration cost.

Therefore, first-order methods that only require the compu-
tation of the first derivative (gradient) are preferred. Kelly et
al. [7] decomposed the NUM problem into a user subproblem
and a network subproblem and solve the problem with gra-
dient descent. Low et al. [8] proposed another decomposition
framework and consider asynchronous situation. Both works
leverage the dual-based gradient descent algorithm, but concise
proof of the convergence rate is not given. In [20], authors
proved that the dual gradient method with primal averaging
has O(1/

√
t) convergence rate. In [12], authors assumed that

constraint functions are Lipschitz continuous and convex, and
proposed a virtual queue algorithm based on dual gradient
method, achieving O(1/t) convergence rate. Assuming strong
concavity of the utility function, Beck et al. [13] solved the
dual problem with accelerated gradient method. But their
primal-dual method only achieves O(1/t) convergence rate
for the primal solution.

1The error ε is measured by the gap between the objective value of the
current solution and the optimal value.
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TABLE I
NETWORK TYPE, OBJECTIVE FUNCTION CLASS, CONVERGENCE RATE AND ITERATION COMPLEXITY OF THE FIRST-ORDER METHODS

The works mentioned above all develop distributed algo-
rithms for decentralized controlled networks through dual
decomposition. As the network architecture evolves, NUM
algorithms considering other network architectures emerge.
Karakoç et al. [5] proposed a multi-layer decomposition for
NUM problem in the radio access network solved by dual
gradient descent method. They also studied the NUM problem
for mobile edge computing with a federated edge network
architecture [27]. Allybokus et al. [22] considered an SDN
network with multiple distributed controllers, and developed
a distributed algorithm based on alternating direction method
of multipliers (ADMM) algorithm.

For the NUM problem in centralized SDN networks, a clas-
sic method is projected gradient ascent [21] (or or projected
gradient descent for minimizing problems). For Lipschitz
continuous objective functions, it has O(

√
d/
√
t) convergence

rate and Ω(d/ε2) iteration complexity. For smooth objective
functions, its performance guarantee is improved to O(d/t)
convergence rate and Ω(d/ε) iteration complexity. Because
the iteration complexity of projected gradient ascent is pro-
portional to d, it is not scalable with respect to the number of
flows. To cope with the increasing number of flows, Gupta et
al. [17] proposed a NUM decomposition in which the set of
flows are grouped by source-destination pairs, and solved the
problem with ADMM algorithm. But the convergence rate is
not studied. Exp-NUM [18] is most relevant to our paper. Exp-
NUM uses a penalty-based formulation of the NUM problem
and additionally adds a global flow rate bound, which allows
the problem to be solved with exponentiated gradient descent,
i.e., mirror descent [28]. The advantage of Exp-NUM is that
the iteration complexity is Ω(ln d/ε2), thus the algorithm is
scalable with respect to the number of flows d. However, the
convergence rate of Exp-NUM is O(

√
ln d/

√
t), indicating

that it cannot converge to accurate solutions efficiently.
Recent research explores the use of reinforcement learning

(RL) to solve the NUM problem. Chen et al. [29] propose an
RL algorithm with a modified reward function to address the
α-fair NUM problem among multiple RL agents, and prove
that the algorithm can converge to a stationary point of the
NUM problem. Hao et al. [30] leverage a similar modified RL
algorithm in the computing offloading problem, guaranteeing
the user fairness. Compared to traditional second-order and
first-order methods, RL algorithms are better suited to dynam-
ically changing environments. However, the convergence rate
of the RL algorithms for the NUM problem remains unsolved.

Our method AGM [31] achieves an O(d/t2) convergence
rate by leveraging a smooth optimization objective, thereby

TABLE II
NOTATIONS

exhibiting an O(1/t2) dependence on t. Besides, the iteration
complexity is Ω(

√
d/
√
ε) in the worst case, i.e., the number

of iterations required for an ε-optimal solution is proportional
to the square root of the number of flows. Thus, our method
is both efficient and scalable. In Table I, we summarized the
network type, objective function class, convergence rate and
iteration complexity of the first-order methods.

III. NETWORK UTILITY MAXIMIZATION PROBLEM

In this section, we present the formulation of the NUM
problem and introduce the commonly used utility function
and penalty function. The notations used in this paper is
summarized in Table II.

A. Problem Formulation
The system model of the NUM problem consists of the

following aspects:
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1) Network: The network is represented by a graph G =
(V,E), where V is the router set and E is the unidirec-
tional link set. Each link e ∈ E has a capacity ce.

2) Flows: Let S represents the set of elastic flows whose
sending rate can be controlled by the source or con-
troller. s ∈ S represents a specific flow, and xs is the
rate of s. We also use x = (xs)s∈S as the column vector
of flow rates. Besides, let d be the number of flows in
the network, i.e., d = |S|, x ∈ Rd+.

3) Routing path: The routing path is predetermined for each
flow s ∈ S. We assume that there is one path for each
flow and the |E| × |S| routing matrix A is defined as:

Ae,s =

{
1, if flow s passes through link e
0, otherwise

(1)

This definition is suitable for simple paths along which
a flow s fully passes each link. For convenience, we use
the row vector Ae to denote the e-th row of matrix A.

4) Utility function: Each flow s is associated with a flow
utility function Us : R+ → R, i.e., each flow s gains
a utility Us(xs) when it sends data at rate xs. We call
U(x) =

∑
s∈S Us(xs) the network utility function.

The NUM problem is formulated as:

max U(x) =
∑
s∈S

Us(xs)

s.t., Aex ≤ ce, ∀e ∈ E
xs ≥ 0, ∀s ∈ S (NUM)

The objective is to maximize the network utility function.
It is constrained that the traffic carried by a link should not
exceed its capacity, and the flow rate should be nonnegative.
Usually, the utility function is defined by service providers in
order to achieve a certain type of resource allocation. The α-
fair function [3] is a well-known and most commonly used
flow utility function, defined as Eq. (2). The α-fair function is
flexible to capture different optimization goals, and different
values of the parameter α yield different fairness criteria. For
example, α = 0 leads to the classic throughput maximization,
α = 1 yields proportional fairness [1], α = 2 yields to
potential delay fairness [32] and α → ∞ gives min-max
fairness.

Uα(xs) =


x1−αs

1− α
, α ≥ 0, α 6= 1

lnxs, α = 1
(2)

For the sake of our proposed method AGM and its associ-
ated theorems and proofs, we make the following assumptions:

Assumption 1: The network topology is sparse enough so
that |E| � |V |(|V |−1). This assumption holds when network
topologies are not full-mesh and are much sparser (e.g., the
topologies in Topology Zoo dataset [33], or GÉANT and
RF1221 used in VIII Evaluation).

Assumption 2: The number of flows d is at least the same
order of magnitude as the number of node pairs |V |(|V | − 1).
d could be greater than |V |(|V | − 1) because we consider
fine-grained flows sent by network users rather than aggregate
flows between source-destination pairs.

Assumption 3: The utility function is concave and smooth.
The α-fair function is well-known to be concave, and we will
reveal its smoothness later in the paper.

B. Penalty-Based Formulation

In problem (NUM), the link capacity constraints form a
polyhedron and is hard to handle. For gradient based methods,
projection onto the polyhedron can be time consuming. One
approach to address this issue is to derive the Lagrange dual
of (NUM), which is suitable for decentralized algorithms.
Another conventional approach is to relax the problem by
using a penalty-based formulation [10], and the objective
function becomes:

V (x) =
∑
s∈S

Us(xs)− µ
∑
e∈E

Pe(Aex)

The function Pe : R+ → R is a link penalty function that
penalizes the arriving rate for overshooting the link capacity.
We call P (x) =

∑
e∈E Pe(Aex) the network penalty func-

tion. µ > 0 is a penalty parameter that balances the utility
function and penalty function. To follow the convention of
using gradient descent (instead of ascent) based algorithms for
minimization (instead of maximization) problems, we negate
the function V (x), and then the problem is formulated as:

min VP (x) = −
∑
s∈S

Us(xs) + µ
∑
e∈E

Pe(Aex)

s.t., xs ≥ 0, ∀s ∈ S (NUM-P)

The optimization objective now is to minimize the negative
of the network utility functions plus the network penalty
function. The advantage of the problem (NUM-P) is that
the link capacity constraints are removed so that the feasible
region now becomes the nonnegative orthant Rd+ instead of a
polyhedron, making the problem easier to deal with. Besides,
by using an appropriate penalty function and parameter µ, the
exact value of the optimal solution of (NUM) can be obtained
through solving (NUM-P) [10], [18].

A typical choice for the link penalty function is the exact
penalty function [34] Pe,+(Aex) as shown in Eq. (3). The
penalty value is equal to how much the link capacity is
exceeded. However, this function is not continuously differ-
entiable at Aex = ce, which may cause numerical issues and
make the problem hard to handle.

Pe,+(Aex) = max{Aex− ce, 0} (3)

IV. GRADIENT METHODS FOR NUM WITH THE EXACT
PENALTY FUNCTION

In this section, we introduce the classic projected gradient
descent (PGD) [21] and the state-of-the-art method Exp-NUM
[18] for the NUM problem with the α-fair utility function
Uα (Eq. (2)) and exact penalty function Pe,+ (Eq. (3)). We
describe the prerequisites, algorithm procedures, performance
guarantees of these methods, and analyze their drawbacks.

Algorithm 1 Projected Gradient Descent (PGD)

Input: initial point x(0), step size γ, number of iterations T
Output: final solution x̂(T )

1: for t← 0toT − 1 do
2: x(t+1) ←

[
x(t) − γ∇VP (x(t))

]
+

3: end for
4: x̂(T ) ← 1

T

∑T
t=1 x

(t)

5: return: x̂(T )
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The pseudocode of PGD is shown in Algorithm 1. At each
iteration, PGD takes a step in the opposite direction of the
gradient, and then projects the obtained point back onto Rd+.
The final solution x̂(T ) is the average over all intermediate
points in the iteration. To give the convergence rate of PGD,
an assumption is made:

Assumption 4: The partial derivatives of VP (x) are bounded,
i.e., there exists M ≥ 0 so that∣∣∣∣∂Vp(x)

∂xs

∣∣∣∣ ≤M, ∀x ∈ Rd+, s ∈ S,

implying that Vp(x) is (M
√
d)-Lipschitz continuous.2

Then PGD achieves the following convergence guarantee:

Proposition 1 (Convergence rate of PGD [21]): If Algo-
rithm 1 is run for T iterations with initial point x(0), step size
γ = ‖x∗−x(0)‖

M
√
dt

, then the solution x̂(T ) satisfies:

VP (x̂(T ))− V ∗P ≤
M
√
d ‖x∗− x(0)‖√

T
,

i.e., the error is ε = O(
√
d/
√
t) at step t, or equivalently, PGD

achieves an ε-optimal solution with Ω(d/ε2) iterations.

According to Proposition 1, PGD is neither efficient nor
scalable: numerous iterations are required to reach an accurate
solution because of the slow convergence rate with respect
to t, and the iterative complexity grows proportionally to the
number of network flows d.

Exp-NUM [18] is the state-of-the-art gradient method for
the NUM problem. Considering problem (NUM-P) with the
α-fair utility function Uα and exact penalty function Pe,+,
authors of Exp-NUM propose an exponentiated gradient
descent method whose iteration complexity is nearly inde-
pendent of the number of flows. In Exp-NUM, aside from
Assumption 4, an additional assumption is made:

Assumption 5: The sum of flow rates is bounded by a
parameter C, thus the feasible region of (NUM-P) becomes
X =

{
x ∈ Rd+ : xs ≥ 0 and

∑
s∈S xs ≤ C

}
, where C ≥ 0.

Algorithm 2 Exponentiated Gradient Descent (Exp-NUM)

Input: initial point x(0), step size γ, number of iterations T,
global flow rate bound C

Output: final solution x̂(T )

1: for t← 0toT − 1 do
2: v(t) ← ∇VP (x(t))

3: x(t+1) ← C x(t)�exp(−γv(t))

C+
∑
s∈S x

(t)
s [exp(−γv(t))−1]

4: end for
5: x̂(T ) ← 1

T

∑T
t=1 x

(t)

6: return: x̂(T )

The pseudocode of Exp-NUM are shown in Algorithm 2. At
each iteration, it updates x(t+1) with an exponential function
of the gradient. The final solution is still the averaged point
x̂(T ). Exp-NUM has the following convergence rate guarantee:

Proposition 2 (Convergence rate of Exp-NUM [18]): If
Algorithm 2 is run for T iterations with initial point x(0) and

2See Definition 1 and Lemma 1 in Section V-A.

step size γ = M−1
√

2D(x∗,x(0))/t, then the solution x̂(T )

satisfies:

VP (x̂(T ))− V ∗P ≤
M
√

2CD(x∗,x(0))√
T

, (4)

where D(x∗,x(0)) is the Bregman divergence [18] between
x∗ and x(0). If x(0) is the barycenter of X , then D(x∗,x(0))
is less than C ln (d+ 1), and ExpNUM achieves ε =
O(
√

ln d/
√
t) error at step t, or equivalently, Exp-NUM

achieves an ε-optimal solution with Ω(ln d/ε2) iterations.

There are a few things to note about PGD and Exp-NUM:
1) Neither PGD nor Exp-NUM is efficient, and they both

require a lot of iterations to converge. The advantage of
Exp-NUM over PGD is that the iteration complexity is
in logarithmic time relative to d, thus the algorithm is
scalable with respect to the number of flows. However,
its convergence rate is still proportional to 1/

√
t.

2) PGD and Exp-NUM use the average point x̂(T ) as the
final solution, instead of the point at the last iteration
x(T ). The reason is that the intermediate solutions at
each iteration may oscillate around the optimal solution
and every-step progress cannot be guaranteed, while
using the average point yields a provable convergence
guarantee.

3) Assumption 4 and Assumption 5 are not valid, so
the convergence analyses of PGD and Exp-NUM, i.e.,
Proposition 1 and Proposition 2, are not solid. Assump-
tion 4 does not hold for VP (x) with the α-fair utility
function Uα and exact penalty function Pe,+. First,
Pe,+(Aex) is non-differential when Aex = ce, so
∂Vp(x)
∂xs

cannot be calculated. Second, even if it is arti-
ficially specified that ∂Pe,+(Aex)

∂xs
= 0 when Aex = ce,

there is still no upper bound M on
∣∣∣∂Vp(x)∂xs

∣∣∣. By Eq. (2),
U ′s(xs) = x−αs . So when xs = 0, U ′s(xs) = ∞, and∣∣∣∂Vp(x)∂xs

∣∣∣ = ∞. Thus the partial derivatives of VP (x)

over x ∈ Rd+ (or x ∈ X ) are not bounded.
Exp-NUM chooses to add a small number to the argument

xs of Uα(xs) to handle this problem in the experiments,
but no theoretical analysis is given. (See the next sec-
tion for detail.) Assumption 5 alters the feasible region of
(NUM-P). The optimal solution of (NUM-P) is not changed
only if C ≥

∑
e∈E ce.

V. NUM PROBLEM WITH SMOOTH OBJECTIVE FUNCTION

In this section, we propose the NUM problem formulation
with smooth objective function. We begin with preliminary
definitions and lemmas. We then design a smooth utility func-
tion and a smooth penalty function respectively to construct
the smooth objective function. The resulting NUM problem
benefits the use of PGD and Exp-NUM algorithms. More
importantly, it allows for the use of the accelerated gradient
method presented in the next section.

A. Preliminaries
We define the concept Lipschitz continuous and smooth

with respect to the Euclidean norm ‖ · ‖, and introduce some
relevant properties. The proof of the lemmas is trivial and
straightforward, so it is omitted.
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Definition 1 (Lipschitz continuous): A function f is L-
Lipschitz continuous (or L-Lipschitz for short) on Q ∈ Rn
with Lipschitz constant L ≥ 0, if for all x,y ∈ Q, we have

‖f(x)− f(y)‖ ≤ L‖x− y‖

Lemma 1: A function f is L-Lipschitz on Q ∈ Rn if and
only if there exists L ≥ 0 so that ‖∇f(x)‖ ≤ L for all x ∈ Q.

Lemma 2: The composition of Lipschitz functions is Lips-
chitz. Specifically, if a function f : X → Y is Lf -Lipschitz
on X, and a function g : Y → Z is Lg-Lipschitz on Y, then
the function g ◦ f : X → Z is (LfLg)-Lipschitz on X.

Definition 2 (Smooth): A function f is β-smooth on Q ∈ Rn
with smooth constant β ≥ 0, if f has β-Lipschitz continuous
gradient, i.e., for all x,y ∈ Q, we have

‖∇f(x)−∇f(y)‖ ≤ β‖x− y‖ (5)

Lemma 3: The sum of smooth functions is smooth. Specif-
ically, if a function f : X → Y is βf -smooth on X, and a
function g : X → Y is βg-smooth on X, then the function
(f + g) : X → Z is (βf + βg)-smooth on X.

B. Smooth Utility Function

According to the analysis at the end of Section IV and
Lemma 1, the α-fair function is not Lipschitz continu-
ous. Its corresponding network utility function U(x) =∑
s∈S Uα(xs) is not smooth, either. ‖∇U(x) − ∇U(y)‖ =√∑
s∈S(x−αs − y−αs )2. If xs = 0 for some s ∈ S, then

x−αs =∞ and ‖∇U(x)−∇U(y)‖ =∞. Thus, Eq. (5) does
not hold.

Clearly, the “infinity” problem occurs when some xs
approaches 0. At xs = 0, the derivative of the α-fair func-
tion becomes ∞, which may invalidate certain mathematical
assumptions or introduce numerical difficulties. This is a
common issue faced by NUM research. For instance, in [5],
the authors address it by restricting the domain of the α-fair
function to xs > 0, allowing them to establish an O(1/t)
convergence rate for their primal-dual algorithm.

In this paper, we maintain the domain of the flow utility
function as xs ≥ 0, and introduce the (α, ξ)-fair function as a
new link utility function, which is defined as:

Uα,ξ(xs) =


(xs + ξ)1−α

1− α
, α ≥ 0, α 6= 1

ln (xs + ξ), α = 1,
(6)

where ξ is a small number and ξ > 0. The formulation of
the (α, ξ)-fair function is very similar to the α-fair function,
except that a parameter ξ is added to xs. Actually, it is
common practice to add a small number to the argument xs
of the α-fair function to avoid numerical issues when xs → 0.
For example, Exp-NUM [18] and Primal-dual [13] employed
this approach in their experiments. However, existing works
regard the function Uα,ξ(xs) as a “mathematical trick” rather
than incorporating it into problem formulations, and there is no
theoretical analysis of the mathematical property of Uα,ξ(xs).
Here we show that it yields a smooth network utility function.

Lemma 4: The function U(x) =
∑
s∈S Uα,ξ(xs) is α

ξα+1 -
smooth on Rd+.

Proof: First we define function ϕ : R+ → R+ as:

ϕ(x) = (x+ ξ)−α,

Fig. 1. Graphs of ReLU function and Softplus function.

where α ≥ 0, ξ > 0. Then we have:

|ϕ′(x)| =
∣∣∣∣ α

(x+ ξ)α+1

∣∣∣∣ ≤ α

ξα+1
, ∀x ≥ 0.

By Lemma 1, ϕ(x) is α
ξα+1 -Lipschitz continuous. Then by

Definition 1,

|ϕ(x)− ϕ(y)| ≤ α

ξα+1
|x− y| , ∀x ≥ 0, y ≥ 0. (7)

By Eq. (6),

∇U (x) = ∇
[∑

s∈S
Uα,ξ (x)

]
=
(
(xs + ξ)−α

)
s∈S . (8)

Then for all x,y ∈ Rd+, we have:

‖∇U(x)−∇U(y)‖

=

√∑
s∈S

[(xs + ξ)−α − (ys + ξ)−α]
2 (by Eq. (8))

≤
√∑
s∈S

[
α

ξα+1 |xs − ys|
]2

(by Eq. (7))

= α
ξα+1 ‖x− y‖.

By Definition 2, U(x) =
∑
s∈S Uα,ξ(xs) is α

ξα+1 -
smooth. �

Remark 1: A special case is when α = 0. In this case,
the function U(x) =

∑
s∈S U0(xs) =

∑
s∈S xs is already

0-smooth, so there is no need to use U0,ξ(xs). In addition,∑
s∈S U0,ξ(xs) is also 0-smooth for any ξ ∈ R. Thus,

Lemma 4 still holds for α = 0. The proof is omitted due
to the space limitation.

C. Smooth Penalty Function
The exact penalty function Pe,+ is not continuously differ-

ential and not smooth. Neither does the corresponding network
penalty function. Several works have explored approximat-
ing Pe,+ with functions with more tractable mathematical
properties, see [35], [36], and [37] for example. Piece-wise
functions are commonly used, which are difficult to handle.
And although the functions are continuously differential, their
smoothness is not proved.

We observe that the exact penalty function is actually the
well-known Rectified Linear Unit (ReLU) activation function
widely used in deep learning. Inspired by this, we propose to
use the Softplus function defined as

f(x) = ln(1 + exp(x)), ∀x ∈ R,

to construct the penalty function. Fig. 1 shows the graphs
of ReLU function and Softplus function. The two functions
behave similar except near the origin, where the Softplus
function is differential and seems to be smooth. Then, for
e ∈ E we define the soft penalty function Pe,S as:

Pe,S(Aex) = ln(1 + exp(Aex− ce)).
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We then prove that its corresponding network penalty function
is smooth.

Lemma 5: The function P (x) =
∑
e∈E Pe,S(Aex) is(

1
4

∑
e∈E ‖Ae‖2

)
-smooth on Rd+.

Proof: For all e ∈ E, we define function fe : R+ → Rd+ as

fe(x) = xAe,

which is ‖Ae‖-Lipschitz on R+ by Definition 1, because for
all x, y ∈ R+, we have

‖fe(x)− fe(y)‖ = ‖(x− y)Ae‖ = ‖Ae‖ |x− y| .

We define function g : R→ R+ as

g(x) = f ′(x) =
1

1 + e−x
,

which is 1
4 -Lipschitz by Lemma 1, because its derivative

satisfies

|g′(x)| =
∣∣∣∣ e−x

(1 + e−x)2

∣∣∣∣ ≤ 1

4
, ∀x ∈ R.

For all e ∈ E, we define function he : Rd+ → R as

he(x) = Aex− ce,

which is ‖Ae‖-Lipschitz on Rd+ by Definition 1, because for
all x,y ∈ Rd+, we have

‖he(x)− he(y)‖ = |Aex−Aey| ≤ ‖Ae‖‖x− y‖.

For all e ∈ E, we define function P̃e,S(x) = Pe,S(Aex),
whose gradient is

∇P̃e,S(x) =
1

1 + exp(−Aex + ce)
Ae = fe ◦ g ◦ he(x).

By Lemma 2, ∇P̃e,S(x) is
(
1
4‖Ae‖2

)
-Lipschitz on Rd+, i.e.,

P̃e,S(x) is
(
1
4‖Ae‖2

)
-smooth on Rd+. Then by Lemma 3,

the function P (x) =
∑
e∈E Pe,S(Aex) is

(
1
4

∑
e∈E ‖Ae‖2

)
-

smooth on Rd+. �

D. NUM With Smooth Objective Function
With the smooth utility function and smooth penalty func-

tion, the NUM problem is now defined as:

minVS(x) = −
∑
s∈S

Uα,ξ (xs) + µ
∑
e∈E

Pe,S (Aex)

s.t., xs ≥ 0,∀s ∈ S (NUM-S)

Theorem 1: The function VS is βV -smooth on Rd+, where
βV = α

ξα+1 + µ
4

∑
e∈E ‖Ae‖2 = O(d).

Proof: We define U(x) =
∑
s∈S Uα,ξ(xs) and P (x) =∑

e∈E Pe,S(Aex), then

∇VS(x) = −∇U(x) + µ∇P (x).

Then for all x,y ∈ Rd+, we have

‖∇VS(x)−∇VS(y)‖
= ‖∇U(y)−∇U(x) + µ∇P (x)− µ∇P (y)‖
≤ ‖∇U(y)−∇U(x)‖+ µ‖∇P (x)−∇P (y)‖

≤
(

α
ξα+1 + µ

4

∑
e∈E ‖Ae‖2

)
‖x− y‖ (by Lemma 4, 5)

By Definition 2, the function VS is
(

α
ξα+1 + µ

4

∑
e∈E ‖Ae‖2

)
-

smooth on Rd+. Besides, by definition of the routing matrix A
(Eq. (1)), we have:

βV =
α

ξα+1
+
µ

4

∑
e∈E
‖Ae‖2 ≤

α

ξα+1
+
µ

4
|E| d. (9)

By Assumption 1 and Assumption 2, |E| � d. Thus, by Eq.
(9), βV = O(d). �

One benefit of (NUM-S) is that Assumption 4 holds for
its objective function VS . For all x ∈ Rd+, s ∈ S,

∣∣∣∂VS(x)∂xs

∣∣∣ ≤
M = max

{
ξ−α, µ

∑
e∈EAes ∀s ∈ S

}
. Thus, PGD and Exp-

NUM can actually be used to solve (NUM-S) and the converge
analyses become solid. Furthermore, because the objective
function is now smooth, the convergence guarantee of PGD
can be improved as follows:

Proposition 3: [Convergence rate of PGD for (NUM-S)
[21]] If Algorithm 1 is run for T iterations with an initial
point x(0), step size γ = 1

βV
, then the solution x(T ) satisfies:

VS(x(T ))− V ∗S ≤
2βV ‖x∗− x(0)‖2

T
. (10)

By Theorem 1, βV = O(d). Thus, the error is ε = O(d/t)
at step t, or equivalently, PGD achieves an ε-optimal solution
with Ω(d/ε) iterations.

For (NUM-S), the convergence rate of PGD is now propor-
tional to 1/t instead of 1/

√
t, but the iteration complexity is

still proportional to d. Note that now the final solution is not
the averaged point, but the point at the last iteration. However,
Exp-NUM is only applicable to the minimization of Lipschitz
functions, so its convergence rate remains O(

√
ln d/

√
t) for

(NUM-S). The convergence rate of PGD is faster than Exp-
NUM with respect to d for (NUM-S), and it can be proven that
the error upper bound of PGD is lower than that of Exp-NUM
after enough number of iterations.

Proposition 4: The error upper bound of PGD is lower
than the error upper bound of Exp-NUM when the number
of iterations is larger than 2βV

2‖x∗−x(0)‖4
M2CD(x∗,x(0))

.

Proof: By Eq. (4) and Eq. (10), for PGD to have a lower
error upper bound, there should be:

2βV ‖x∗− x(0)‖2

T
<
M
√

2CD(x∗,x(0))√
T

,

=⇒ T√
T
>

2βV
2‖x∗− x(0)‖4

M2CD(x∗,x(0))
,

=⇒ T >
2βV

2‖x∗− x(0)‖4

M2CD(x∗,x(0))
.

�

VI. ACCELERATED GRADIENT METHOD FOR NUM WITH
SMOOTH OBJECTION FUNCTION

In this section, we present the accelerated gradient method
(AGM), which is a tailor-made algorithm for smooth objective
function.
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A. Vanilla Accelerated Gradient Method
We have shown that the proposed (NUM-S) problem ben-

efits the use of PGD and Exp-NUM. Furthermore, it also
enables the use of the accelerated gradient method (AGM)
proposed by Nesterov [19], which achieves a superior O(1/t2)
convergence rate for smooth objective functions.

Algorithm 3 Accelerated Gradient Method (AGM)

Input: initial point x(0), step size γ, number of iterations T
Output: final solution x(T )

1: y(0) ← x(0), a0 ← 1
2: for t← 0toT − 1 do
3: x(t+1) ←

[
y(t) − γ∇VS(y(t))

]
+

4: at+1 ← (1 +
√

4a2t + 1)/2
5: y(t+1) ← x(t+1) + at−1

at+1
(x(t+1) − x(t))

6: end for
7: return: x(T )

The pseudocode of AGM is shown in Algorithm 3. At
each iteration, x(t+1) is moved towards the opposite gradient
direction at the point y(t) instead of x(t). Then the point y(t+1)

is updated based on the obtained point x(t+1) at this iteration
and x(t) at previous iteration, balanced by the parameters
at and at+1. AGM can be viewed as a momentum method
[38], because it takes steps based on information at not only
the current iteration but also previous iterations. It has the
following convergence guarantee:

Theorem 2 (Convergence rate of AGM [19]): If Algorithm 3
is run for T iterations with an initial point x(0), step size
γ = 1

βV
, then the final solution x(T ) satisfies:

VS(x(T ))− V ∗S ≤
2βV ‖x∗− x(0)‖2

(T + 1)2
. (11)

By Theorem 1, βV = O(d). Thus, the error is ε = O(d/t2)
at step t, or equivalently, AGM achieves an ε-optimal solution
with Ω(

√
d/
√
ε) iterations.

Like PGD and Exp-NUM, AGM is also a first-order method
with low per-iteration cost. In addition, AGM has two main
advantages over PGD and Exp-NUM:

1) AGM has a fast convergence rate with respect to t,
which is proportional to 1/t2. Compared with PGD
(convergence rate proportional to 1/t) and Exp-NUM
(convergence rate proportional to 1/

√
t), AGM is much

more efficient, converging to an accurate solution within
a lot less iterations.

2) The iteration complexity of AGM is proportional to
√
d.

Although AGM is not as scalable as Exp-NUM with
respect to the number of flows, it can still maintain good
performance as the number of flows grows.

Remark 2: The convergence guarantees of PGD, Exp-NUM
and AGM hold under different assumptions: Assumption 4 or 3
for PGD (Proposition 1 or 3), Assumption 4- 5 for Exp-NUM
(Proposition 2), and Assumption 1–3 for AGM (Theorem 1,
2). When Assumption 1–5 are all true, Proposition 2, 3 and
Theorem 2 all hold, and it can be proven that the error upper
bound of AGM is always lower than that of PGD at every
iteration step. Moreover, after a sufficient number of iterations,
the error upper bound of AGM also becomes lower than that
of Exp-NUM.

Theorem 3: The error upper bound of AGM is lower than
that of PGD for any number of iterations T.

Proof: By Eq. (10) and Eq. (11), for AGM to have a lower
error upper bound, there should be:

2βV ‖x∗− x(0)‖2

(T + 1)2
<

2βV ‖x∗− x(0)‖2

T
,

=⇒ (T + 1)2

T
> 1. (12)

Obviously, Eq. (12) holds for any T ≥ 1. �
Theorem 4: The error upper bound of AGM is lower than

that of Exp-NUM when the number of iterations is larger than(
2βV

2‖x∗−x(0)‖4
M2CD(x∗,x(0))

) 1
3 − 1.

Proof: By Eq. (4) and Eq. (11), for AGM to have a lower
error upper bound, there should be:

2βV ‖x∗− x(0)‖2

(T + 1)2
<
M
√

2CD(x∗,x(0))√
T

,

=⇒ (T + 1)4

T
>

2βV
2‖x∗− x(0)‖4

M2CD(x∗,x(0))
. (13)

As (T+1)4

T > (T+1)4

T+1 , for Eq. (13) to hold, it is sufficient
that the following inequality holds:

(T + 1)4

T + 1
>

2βV
2‖x∗− x(0)‖4

M2CD(x∗,x(0))
. (14)

By Eq. (14), T >

(
2βV

2‖x∗− x(0)‖4

M2CD(x∗,x(0))

) 1
3

− 1. �

Note that the comparison in Proposition 4, Theorem 3 and
Theorem 4 is based on the theoretical error upper bounds of the
algorithms. The actual performance of PGD, Exp-NUM and
AGM may vary depending on the specific problem instance.

B. Accelerated Gradient Method With Restart
Although Theorem 2 guarantees that AGM converges fast,

it does not imply that the obtained objective value sequence is
monotone. When running the AGM algorithm, it is common to
observe bumps in the objective value trajectory, which empir-
ically slows down the convergence. To deal with this problem,
we leverage the restart heuristic proposed by O’donoghue et
al [39]. They propose to “restart” the algorithm, i.e., taking
the current point as a new initial point, when certain restart
condition is satisfied. In this paper, we consider two restart
conditions:

1) function restart: VS(x(k+1)) > VS(x(k));
2) gradient restart:

[
∇VS(y(k))

] (T
x(k+1) − x(k)

)
> 0.

The pseudocode of AGM with restart is shown in Algorithm 4.
At each iteration, the algorithm checks whether the restart
condition holds. If so, y(t+1) is set to x(t+1) and the parameter
at+1 is reset to 1, so that the algorithm is restarted by the
current point. Although the restart method boosts convergence
empirically, there is no theoretical guarantee on the conver-
gence rate.

VII. GENERALIZED NUM PROBLEM

In previous sections, we focus on the NUM problem in a
relatively simple network scenario: each non-prioritized flow
is routed along a single path, the network utility is defined as
the sum of individual flow utilities, and the Softplus function is
used as the link penalty function. However, practical network
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Algorithm 4 Accelerated Gradient Method With Restart

Input: initial point x(0), step size γ, number of iterations T
Output: final solution x(T )

1: y(0) ← x(0), a0 ← 1
2: for t← 0toT − 1 do
3: x(t+1) ←

[
y(t) − γ∇VS(y(t))

]
+

4: at+1 ← (1 +
√

4a2t + 1)/2
5: y(t+1) ← x(t+1) + at−1

at+1
(x(t+1) − x(t))

6: if Restart Condition then
7: y(t+1) ← x(t+1), at+1 ← 0
8: end if
9: end for

10: return: x(T )

TABLE III
NOTATIONS FOR THE GENERALIZED NUM PROBLEM

environments are often more complex. For example, in large-
scale data center (DC) networks or inter-DC WANs, traffic
originates from diverse applications with varying priorities and
performance requirements. In such networks, operators often
deploy advanced routing strategies such as Segment Routing
(SR) [40] combined with multi-path routing, which enables
fine-grained control over traffic paths, leading to improved
load balancing, fault tolerance, and efficient resource utiliza-
tion. In this section, we extend the NUM problem to more
complex network scenarios, and demonstrate the applicability
and effectiveness of AGM for the generalized problem.

A. Network Scenarios
First, we introduce the network scenarios we consider in

this section. Table III summarizes the notations.
1) Multi-Path Routing: In previous sections, we assume

that each flow is routed along only one path. To improve
resource utilization, enhance load balancing and increase fault
tolerance, network operators often employ multi-path routing,
where each flow can be split on multiple paths.

In the multi-path scenario, a set of paths Ps is pre-defined
for each flow s ∈ S. xs,p denotes the rate of flow s on
path p ∈ Ps, and the total rate of flow s is

∑
p∈Ps xs,p. To

arrange xs,p as a column vector, we assume the existence of
a hash function φ(s, p) that returns a unique integer number
between 1 and

∑
s∈S |Ps| for each s ∈ S, p ∈ Ps. Then

x = (xφ(s,p))s∈S,p∈Ps represents the column vector of flow
rates. Note that xs,p and xφ(s,p) have identical meanings, and
we use them interchangeably in this paper.

For the number of paths used per flow, denoted by |Ps|, we
make the following assumption:

Assumption 6: The number of paths used per flow |Ps|
does not exceed a number K, and K is much smaller than
the number of flows d, i.e., maxs∈S |Ps| ≤ K � d.

This assumption aligns with common network practices.
To fully utilize network resources, balance network traffic,
and reduce management overhead, network operators typically
select a small number of paths for each flow based on some
beneficial selection method. For example, network operators
might select the top-K shortest paths or optimal oblivious
paths, where K is usually a small number, such as K = 3
or K = 4 [41], [42].

2) Complex Path: In previous sections, besides assuming
one-path routing per flow, we also assume that each path p
is a simple path, i.e., the flow will fully pass each link along
the path without splitting. As a result, the routing matrix A
is a binary matrix, and each element Ae,s is a binary variable
indicating whether flow s passes through link e (Ae,s = 1) or
not (Ae,s = 0). This assumption is appropriate for certain
network scenarios, such as Multi-Protocol Label Switching
(MPLS) [43] or SDN networks with OpenFlow [44], where
consecutive links form simple routing tunnels.

However, in other network scenarios, the assumption of
simple paths may not hold. Complex routing mechanisms
often lead to complex routing paths, where traffic flow splits
across multiple links. For instance, in networks using the
Open Shortest Path First (OSPF) protocol, traffic can be split
across multiple links on the shortest paths between the source
and destination nodes using Equal-Cost Multi-Path (ECMP)
routing. Similarly, in Segment Routing (SR) networks, a SR-
tunnel consists of a sequence of segments, i.e. middlepoints.
Between two middlepoints, traffic is steered along the OSPF
shortest paths in an ECMP manner.

In multi-path routing, the flow s is routed along multiple
paths p ∈ PS with controllable sending rate xs,p. In contrast,
along a complex path p, the flow splits across multiple
links, but the fraction of flow on each link is not controlled
by the network operator; instead, it is determined by the
routing mechanism (e.g., ECMP) itself. In such scenarios, the
routing matrix A is no longer binary. Following the multi-
path routing scenario, the routing matrix A has dimensions
|E|×

(∑
s∈S |Ps|

)
. Each element Ae,φ(s,p) is relaxed to [0, 1],

representing the faction of flow on link e when flow s is routed
along path p. Ae denotes the e-th row of matrix A. With the
flow rate vector defined as x = (xφ(s,p))s∈S,p∈Ps , Aex is still
the amount of flow routing on link e.

3) Weighted Network Utility: In Section III-A, the network
utility function U(x) is defined as the sum of flow utility
function Us for each flow s. However, different users or
applications may have varying levels of importance or priority.
For instance, premium users might pay more for better service
quality, or critical applications might require higher priority.
In such cases, a weight factor ws can be assigned to each
flow utility function to represent the relative importance or
priority of flow s [10]. Consequently, the network utility
function becomes the weighted sum of flow utility functions.
Continuing with the multi-path routing scenario, the network
utility function is defined as

U(x) =
∑
s∈S

wsUs

∑
p∈Ps

xs,p

 . (15)
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Fig. 2. Graphs of ReLU function and generalized Softplus function with
different λ.

4) Generalized Softplus Penalty Function: In Section V-C,
the Softplus function is used as the smooth penalty function.
One concern about the Softplus function is that the penalty
value is although small, but still greater than zero when
Aex ≤ ce. Such unwanted penalty can be mitigated by using
the generalized Softplus function defined as

f(x) =
1

λ
ln[1 + exp(λx)], ∀x ∈ R,

where λ is a sharpness parameter controlling the similarity of
the generalized Softplus function to the ReLU function. Larger
λ allows the penalty function to better approximate the ReLU
function.

Fig. 2 shows the graphs of ReLU function and generalized
Softplus function with different λ. When λ = 1, the gen-
eralized Softplus function reduces to the standard Softplus
function. AS λ increases, the generalized Softplus function
approximates the ReLU function more closely: f(x) is very
close to 0 when x ≤ 0, and it becomes almost linear for
positive x.

When using the generalized Softplus function, the corre-
sponding link penalty function is defined as

Pe,S,λ(Aex) =
1

λ
ln{1 + exp[λ(Aex− ce)]}.

B. Generalized Problem Formulation

Considering the extended network scenarios, the generalized
network utility maximization problem is formulated as:

min ṼS(x) = −
∑
s∈S

wsUα,ξ

∑
p∈Ps

xs,p

+µ
∑
e∈E

Pe,S,λ (Aex)

s.t., xs,p ≥ 0, ∀s ∈ S, p ∈ Ps (NUM-Generalized)

In order for the applicability of AGM to the generalized
NUM problem, it is essential that the objective function
ṼS(x) is a smooth function. We first prove that the weighted
network utility function and the generalized Softplus function
is smooth separately (Lemma 6 and Lemma 7), then prove the
smoothness of ṼS(x) (Theorem 5).

Lemma 6: The function U(x) =∑
s∈S wsUα,ξ

(∑
p∈Psxs,p

)
is
(

α
ξα+1 ·maxs∈S (|Ps|ws)

)
-

smooth on Rd+.
Proof: As in the proof of Lemma 4, we define function

ϕ : R+ → R+ as:

ϕ(x) = (x+ ξ)−α,

where α ≥ 0, ξ > 0. ϕ(x) is α
ξα+1 -Lipschitz continuous and

satisfies Eq. (7).

By Eq. (6) and Eq. (15),

∇U (x) = ∇

∑
s∈S

wsUα,ξ

∑
p∈Ps

xφ(s,p)


=

ws
∑
p̃∈Ps

xφ(s,p̃) + ξ

−α
s∈S,p∈Ps

Then for all x,y ∈ Rd+, we have:

‖∇U(x)−∇U(y)‖

=

√√√√√∑
s∈S

∑
p∈Ps

[
ws

(∑
p̃∈Ps

xφ(s,p̃)+ξ

)−α
− ws

(∑
p̃∈Ps

yφ(s,p̃)+ξ

)−α]2

] =

√√√√√∑
s∈S

|Ps|ws2
[(∑

p̃∈Ps

xφ(s,p̃)+ξ

)−α
−

(∑
p̃∈Ps

yφ(s,p̃)+ξ

)−α]2
(by the Lipschitz continuity of ϕ, i.e., Eq. (7))

≤

√√√√∑
s∈S

|Ps|ws2
[

α

ξα+1

(∑
p̃∈Ps

xφ(s,p̃) −
∑
p̃∈Ps

yφ(s,p̃)

)]2
(by Cauchy-Schwarz Inequality)

≤ α

ξα+1

√√√√∑
s∈S

[
|Ps|2 · ws2 ·

∑
p̃∈Ps

(
xφ(s,p̃) − yφ(s,p̃)

)2]

≤ α

ξα+1

√
max
s∈S

(
|Ps|2ws2

)
·
∑
s∈S

∑
p̃∈Ps

(
xφ(s,p̃) − yφ(s,p̃)

)2
=

α

ξα+1
·max
s∈S

(|Ps|ws) · ‖x− y‖

By Definition 2, U(x) =
∑
s∈S wsUα,ξ

(∑
p∈Psxs,p

)
is(

α
ξα+1 ·maxs∈S (|Ps|ws)

)
-smooth. �

Lemma 7: The function P (x) =
∑
e∈E Pe,S,λ(Aex) is(

λ
4

∑
e∈E ‖Ae‖2

)
-smooth on Rd+.

The proof of Lemma 7 is very similar to the proof of
Lemma 5. The main difference is defining

g(x) = f ′(x) =
1

1 + e−λx
,

and g(x) is λ
4 -Lipschitz by Lemma 1, because its derivative

satisfies

|g′(x)| =
∣∣∣∣−λ e−λx

(1 + e−λx)2

∣∣∣∣ ≤ λ

4
, ∀x ∈ R.

We omit the detailed proof to avoid redundancy.
Theorem 5: The function ṼS(x) is βṼ -smooth on Rd+, where

βṼ =
(

α
ξα+1 ·maxs∈S (|Ps|ws)

)
+ µλ

4

∑
e∈E ‖Ae‖2 = O(d).

The proof of Theorem 5 is very similar to the proof of
Theorem 1. So we omit the detailed proof to avoid redundancy.
The main difference lies in how to prove that βṼ is O(d).
With the definition of the routing matrix A in § VII-A2, Ae

is a 1 ×
∑
s∈S |Ps| vector, and each element in Ae satisfies

0 ≤ Ae,φ(s,p) ≤ 1 . As defined in § VII-A3, 0 < ws < 1. By
Assumption 1 and Assumption 2, |E| � d. By Assumption 6,
maxs∈S |Ps| = K and K � d. Thus,

βṼ =

(
α

ξα+1 ·max
s∈S

(|Ps|ws)
)

+
µλ

4

∑
e∈E
‖Ae‖2

≤ α

ξα+1
K +

µλ

4
|E|Kd = O(d).
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Fig. 3. The objective value and error at each iteration in GÉANT and RF1221.

C. Convergence Rate of the Algorithms
The objective function of the generalized NUM problem

ṼS is smooth, therefore AGM is applicable for solving this
problem. The convergence rate of solving the problem using
AGM remains consistent with Theorem 2, except that VS
in Eq. (11) should be replaced by ṼS , and βV should be
replaced by βṼ . As stated in Theorem 5, βṼ is O(d), so the
convergence rate of AGM for the generalized NUM problem
is still ε = O(d/t2), i.e., t = Ω(

√
d/
√
ε).

For PGD, since ṼS is smooth, its convergence rate for the
generalized NUM problem remains consistent with Proposi-
tion 3, with VS being replaced by ṼS and βV being replaced
by βṼ .

Regarding Exp-NUM, ṼS satisfies Assumption
1, specifically,

∣∣∣∂Vp(x)∂xs

∣∣∣ ≤ M̃ = max {wsξ−α,
µ
∑
e∈EAe,φ(s,p) ∀s ∈ S p ∈ Ps

}
. Therefore, the

convergence rate of Exp-NUM for solving the generalized
NUM problem adheres to Proposition 2, where Vp should be
replaced by ṼS and M should be replaced by M̃ .

Compared with the simple NUM problem (NUM-S) defined
in Section V-D, the convergence rates of PGD, Exp-NUM,
and AGM remain largely unchanged for the generalized NUM
problem (NUM-Generalized). Consequently, AGM retains its
key advantage for the generalized NUM problem: it achieves
a fast convergence rate with respect to t which is propor-
tional to 1/t2, and it is scalable with respect to the number
of flows d since its iteration complexity is proportional to√
d. Furthermore, as established in Theorem 3 and Theorem

4, the error upper bound of AGM is lower than that of
PGD for any number of iterations, and becomes lower than
that of Exp-NUM when the number of iterations exceeds(

2βṼ ‖x
∗−x(0)‖4

M̃2CD(x∗,x(0))

) 1
3 − 1.

VIII. EVALUATION

In this section, we evaluate the smooth penalty-based NUM
formulation NUM-S and the proposed algorithm.

A. Setup
First we introduce the setup for evaluating the performance

of AGM for the simple smooth penalty-based NUM problem
NUM-S.

1) Topology: We use two topologies GÉANT (23 nodes,
74 links) [45] and RF1221 (104 nodes, 302 links) [46].
The simple shortest path without ECMP is used as the one
predetermined path for each flow, so elements in the routing
matrix are integers. To better display the result, the link
capacities are scaled down so that ce ≤ 100,∀e ∈ E. Because
the flow rates xs are decision variables in the NUM problem,
the traffic matrix is not needed in the experiments.

2) Optimization Objective: We use two different utility
functions. One is α = 0, ξ = 0, so that the network utility
function is U(x) =

∑
s∈S xs, corresponding to throughput

maximization. The other is α = 1, ξ = 0.5, so that network
utility function is U(x) =

∑
s∈S ln(xs + 0.5), correspond-

ing to proportional fairness. The Softplus function is used
as the link penalty function, i.e., Pe,S(Aex) = ln(1 +
exp(Aex− ce)). µ is set to 2 empirically.

3) Algorithms: We solve the problem (NUM-S) with PGD,
Exp-NUM (C is set to

∑
e∈E ce), AGM, AGM with function

restart (i.e., AGM-fr) and AGM with gradient restart (i.e.,
AGM-gr). All algorithms are implemented in Python. Com-
putations are performed on a server with 2.40GHz CPU and
512G memory.

B. Convergence Rate
We evaluate the convergence rate of the algorithms for

the problem (NUM-S). Assuming one flow between each
source-destination pair, and run the algorithms with the afore-
mentioned objective. Fig. 3 shows the objective value (at top)
and the error (at bottom in log scale) in GÉANT and RF1221
at the first 10000 and 100000 iterations respectively.

First, experiments show that AGM has the fastest con-
vergence rate and outperforms PGD and Exp-NUM, which
agrees with the theoretical results. Given a tolerable error,
our method will solve the NUM problem much more quickly,
which benefits the network resource allocation. As proved
in Theorem 3, PGD converges the slowest in experiment,
mainly because its iteration complexity is Ω(d/ε), which is
proportion to d. When comparing AGM and Exp-NUM, the
experiment results is in consistent with Theorem 4. Exp-
NUM has O(

√
ln d/

√
t) convergence rate, which is nearly

independent on the number of flows d, thus it converges fast
in the beginning. However, the convergence slows down later
and Exp-NUM can only achieve an error of 10 ∼ 102 by
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Fig. 4. The network utility value and error at each iteration when Us =∑
s∈S xs in GÉANT and RF1221.

the end. In contrast, AGM converges a little slower at first,
but it performs better and obtains more accurate solutions
as the number of iterations grows, because of its O(d/t2)
convergence rate.

Second, the restart method boosts AGM’s convergence and
alleviates the bumps. Although AGM converges slightly faster
initially, AGM-fr and AGM-gr outperform it as the iterations
continue. In particular, AGM-fr achieves 10-2-optimal solution
for all objective functions and topologies, and it even achieves
10-7-optimal solution for Us =

∑
s∈S xs in GÉANT. Besides,

there are less bumps in the curves of AGM-fr and AGM-gr.

C. Network Utility Optimization

The objective of (NUM-S) is the smooth penalized function
Vs(x), rather than the network utility function U(x). In order
to evaluate the performance of the algorithms in terms of
network utility maximization, we use U(x) =

∑
s∈S xs as an

example so that the problem (NUM) is a linear programming
(LP) problem aiming at maximizing throughput and can be
solved by commercial LP solvers. We denote its optimal value
as U∗. We record the U(x) (at top) and error with respect to
U∗ (at bottom in symmetric log scale) during iterations when
solving (NUM-S). The results are shown in Fig. 4.

First, the rate at which U(x) approaches U∗ is consistent
with the convergence rate of the algorithms, i.e., Exp-NUM
performs well at first but AGM surpasses it later and PGD
hardly converges. Hence, the convergence rate reflects the
efficiency of the algorithms in solving NUM problem.

Second, AGM causes obvious bumps in U(x). Although
it converges faster than Exp-NUM, it tends to overshoot
the solution and oscillates around U∗. In contrast, AGM-fr
produces stable results while maintaining fast convergence.

Third, AGM-fr achieves close-to-optimal network utility
value, which means that the smooth penalty-based formulation
and our algorithm can help solve the NUM problem effec-
tively. Table IV presents the U(x) and corresponding error at
the last iteration. Still, PGD does not converge, and the error
achieved by Exp-NUM is unsatisfactory. AGM overshoots
the result while the restart methods perform well. AGM-fr
achieves highly accurate U(x) in both topologies.

TABLE IV

THE ACHIEVED NETWORK UTILITY VALUE AND ERROR (IN PARENTHE-
SES) WHEN Us =

∑
s∈S xs IN GÉANT AND RF1221

TABLE V

AVERAGE COMPUTATION TIME PER ITERATION WITH DIFFERENT NUM-
BER OF FLOWS D WHEN Us =

∑
s∈S ln (xs + 0.5) IN GÉANT

D. Performance With Different d

We evaluate the impact of the number of flows d
on algorithm performance. We take GÉANT with Us =∑
s∈S ln (xs + 0.5) for example, and run the algorithms with

100, 1000, 10000 flows in the network respectively. The results
are similar for RF1221 and Us =

∑
s∈S xs.

Fig. 5 shows the error at each iteration. The iteration com-
plexity of AGM is proved to be Ω(

√
d/ε), allowing AGM to

maintain good performance as d increases. And the experiment
results are consistent with the theoretical results. As shown
in Fig. 5, different values of d has no obvious effect on the
convergence of AGM, it performs consistently well. Besides,
although the iteration complexity of Exp-NUM is claimed to
be nearly independent on d, our method AGM, AGM-fr and
AGM-fr outperforms Exp-NUM with all d settings.

In Table V we record the average computation time per
iteration of different algorithms. As d increases, the compu-
tation time per iteration increases accordingly. With the same
d, the time per iteration of PGD, Exp-NUM, and AGM are
similar while Exp-NUM takes a little longer time for the
computation of the exponential function, because they are all
first-order methods. Thus, the difference in their convergence
rates implies their different computation time to solve the
problem. AGM-fr takes longer time because of the additional
objective value computation when judging restart condition.
Given its fast and stable convergence, we think the trade-off
is worthwhile.

IX. EVALUATION FOR THE GENERALIZED NUM PROBLEM

In this section, we evaluate the performance of AGM for
the generalized NUM problem.
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Fig. 5. The error at each iteration with different number of flows d when Us =
∑
s∈S ln (xs + 0.5) in GÉANT.

Fig. 6. The objective value and error at each iteration in GÉANT and RF1221 for the generalized NUM problem.

A. Setup
1) Topology: We continue to use the two topologies

GÉANT (23 nodes, 74 links) and RF1221 (104 nodes, 302
links). The top-K shortest paths are used as the predetermined
paths Ps for each flow s, and we set K = 3. For each path,
the flow is routed on it in an ECMP manner, so the elements
in the routing matrix are real numbers between 0 and 1. To
better illustrate the result, the link capacities are still scaled
down so that ce ≤ 100,∀e ∈ E.

2) Optimization Objective: We use weighted network util-
ity functions. The weight factor ws of each flow s is
randomly drawn from the uniform distribution over [1, 5].
To better display the results, the weight factors are scaled
so that

∑
s∈S ws = d. We continue to use the two utility

function settings α = 0, ξ = 0 and α = 1, ξ = 0.5.
Consequently, the network utility functions used in the eval-
uation are U(x) =

∑
s∈S

(
ws
∑
p∈Ps xs,p

)
and U(x) =∑

s∈S

[
ws ln

(∑
p∈Ps xs,p + 0.5

)]
. For the link penalty func-

tion, we use the generalized Softplus function with λ = 16,
i.e., Pe,S,λ(Aex) = 1

16 ln{1 + exp[16(Aex− ce)]}. µ is
empirically set to 2.

3) Algorithms: We solve the problem (NUM-Generalized)
with PGD, Exp-NUM (C is set to

∑
e∈E ce), AGM, AGM

with function restart (AGM-fr) and AGM with gradient restart
(AGM-gr). All algorithms are implemented in Python. Com-
putations are performed on a server with 2.40GHz CPU and
512G memory.

B. Convergence Rate
We evaluate the convergence rate of the algorithms for the

problem (NUM-Generalized). We run the algorithms with the

Fig. 7. The network utility value and error at each iteration when U(x) =∑
s∈S

(
ws
∑
p∈Ps xs,p

)
for the generalized NUM problem.

aforementioned evaluation setup, and plot the objective value
(at top) and corresponding error (at bottom in log scale) in
GÉANT and RF1221 at the first 50000 and 500000 iterations
respectively in Fig. 6.

For the generalized NUM problem, AGM continues to
demonstrate the fastest convergence rate compared with PGD
and Exp-NUM. AGM consistently outperforms PGD through-
out the iteration process, and surpasses Exp-NUM after a
certain number of iterations, which aligns with the theo-
retical analysis in Section VII-C. The restart methods still
enhance the convergence of AGM. AGM-fr outperforms AGM
across both topologies and objectives. In addition, for the
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Fig. 8. The error at each iteration with different number of flows d when U(x) =
∑
s∈S

ws ln
∑
p∈Ps

xs,p+0.5

 in GÉANT for the generalized NUM

problem.

objective U(x) =
∑
s∈S

[
ws ln

(∑
p∈Ps xs,p + 0.5

)]
, it can

be observed from Fig. 6 that PGD converges slow initially,
but it converges faster than Exp-NUM as the number of
iterations grows, and even achieves better solution in GÉANT,
which is in consistent with Proposition 4. The experimental
results validate our theoretical analysis, showing that AGM
can be applied to the generalized NUM scenario with multiple
complex paths and weighted utility functions, and maintains
its superior convergence speed.

C. Network Utility Optimization
For the generalized NUM problem, we use U(x) =∑
s∈S

(
ws
∑
p∈Ps xs,p

)
as an example to evaluate the per-

formance of the algorithms in terms of network utility
maximization. For this LP problem, the optimal network utility
value U∗ is obtained using a commercial LP solver. Fig. 7
shows the U(x) (at top) and error with respect to U∗ (at
bottom in symmetric log scale) during iterations when solving
(NUM-Generalized).

For the generalized NUM problem, the speed at which each
algorithm reaches the optimal network utility value is still
consistent with their convergence rate. AGM achieves more
accurate U(x) compared to PGD and Exp-NUM. Moreover,
the restart methods AGD-fr and AGD-gr help reduce oscilla-
tions during iterations, resulting in more stable solutions. The
experiment results demonstrate that the smooth penalty-based
formulation with generalized Softplus link penalty function,
and our algorithm AGM, is effective in solving the NUM prob-
lems involving multiple complex routing paths and weighted
utility functions.

D. Performance With Different d
To evaluate the impact of the number of flows d for

the generalized NUM problem NUM-Generalized, we take
GÉANT with U(x) =

∑
s∈S

[
ws ln

(∑
p∈Ps xs,p + 0.5

)]
as

an example, and run the algorithms with 100, 1000, 10000
flows in the network respectively. Fig. 8 shows the error at
each iteration step in log scale.

As discussed in Section VII-C, the iteration complexity of
AGM remains proportional to

√
d for the generalized NUM

problem, so AGM remains scalable with respect to the number
of flows d for the generalized network scenario. As shown in
Fig. 8, the convergence rate of AGM shows no significant
degradation as the number of flows increases, and AGM-fr
even achieves an error less than 10−8 when d = 10000. As
noted in Proposition 4, although Exp-NUM converges fast at
the beginning, PGD converges faster than it after a sufficient
number of iterations.

X. DISCUSSION

1) Smooth Utility and Penalty Functions:
Our method AGM aims at solving NUM problem with

smooth utility functions. Although the most commonly studied
α-fair utility function is proven to be smooth, in general,
however, utility functions are not necessarily smooth or even
not concave, which limits the applicability of our method.
Besides, one concern about the Softplus function is that the
penalty value is although small, but still greater than zero when
Aex ≤ ce. Such unwanted penalty can be mitigated by using
the generalized Softplus function with large λ as discussed in
Section VII-A.4.

2) Dense Networks:
In this paper, we prove that AGM achieves an iteration com-

plexity of Ω(
√
d/
√
ε) under the assumption of sparse network

topology, i.e., the number of links |E| is much smaller than the
number of flows d. In dense networks, |E| = Θ(|V |(|V |−1)).
By Assumption 2, d is at least the same order of magnitude as
the number of node pairs, thus |E| = O(d), and the iteration
complexity of AGM increases to Ω(d/

√
ε), indicating reduced

scalability with respect to d. To address this, one approach is
to limit the average path length of all flows to be at most
M and M � d, which is often realistic in dense networks.
Under this assumption, the iteration complexity will revert to
Ω(
√
d/
√
ε), restoring the scalability of AGM.

3) Large-Scale Networks:
This paper demonstrates that AGM is efficient and scalable,

with both theoretical analysis and numerical experiment on
topologies with up to 100 nodes. However, in large-scale
networks with hundreds of thousands of nodes and flows,
the computational resources required by AGM will inevitably
increase. First, as the network size and the number of flows
grows, both the total number of iterations (Ω(

√
d/
√
ε)) and the

computation time per iteration (O(|E|d)) increase, requiring
additional computational effort. Second, the memory require-
ments also increase, mainly due to the storage of the routing
matrix and flow information. Nevertheless, AGM mainly relies
on basic numerical operations and simple data structure, so
the computational resource requirements remain manageable
for large-scale networks.

4) Deployment in SDN Networks:
AGM is compatible with existing SDN frameworks, and

can be implemented either as a module within the SDN con-
troller, or as an external application communicating with the
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controller via the northbound interface. The controller gathers
network state information such as link load and flow requests
through the southbound interface. AGM then solves the NUM
problem and sends back the optimal flow sending rates to
the controller for implementation. While deploying AGM in
SDN networks simplifies flow rate control and bandwidth
resource allocation, it also introduces computational, storage
and communication overhead to the controller and network
devices.

5) Decentralized Implementation:
AGM is primarily designed as a centralized algorithm, but it

can also be implemented in a decentralized manner under cer-
tain conditions: each router has the ability to monitor the traffic
on its connected link, and there exists a mechanism for each
flow source to obtain the sum of link penalties along its routing
path [47]. In this scenario, each flow source can independently
update its flow sending rate, thus reducing unnecessary global
information sharing and enabling parallelism. However, the
decentralized implementation introduces new requirements on
both the devices and protocols in the network.

XI. CONCLUSION

In this paper, we propose a centralized, efficient and scalable
accelerated gradient method (AGM) for the centralized NUM
problem. We discover the smoothness of the α-fair utility
function, and formulate the NUM problem with smooth objec-
tive function, which not only benefits the existing method,
but also enables the use of Nesterov’s accelerated gradient
method. We prove that AGM has a fast O(d/t2) convergence
rate with respect to t, and has Ω(

√
d/
√
ε) iteration complexity

which is scalable with respect to the number of flows d. Our
smooth penalty-based formulation of the NUM problem and
the algorithm AGM are not only applicable to simple network
scenarios with single-path routing, but also to complex and
practical network scenarios where prioritized flows use mul-
tiple complex path routing. Experiment results are in good
agreement with the theoretical results and demonstrate the
great potential of AGM for resource allocation in large-scale
centralized controlled networks. In the future, we will deploy
and evaluate AGM in SDN networks with real-world network
traffic to further validate its practicality and efficiency.
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